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Abstract

In this thesis, different model structures for the meso-structure (between 1 and 100 nm) of
calcium-silicate-hydrate (C–S–H) in cement paste are discussed. C–S–H is the most important solid phase of Portland cement concrete, which is by mass the most-produced artificial
material worldwide. The meso-structure of C–S–H has paramount influence, controlling
many technical properties of concrete.
The meso-structure of C–S–H in cement is the subject of a long-standing debate, which
is reviewed in this thesis. Two different views exist in the cement community: the first
view describes the meso-structure of C–S–H as an aggregate of colloidal particles of diameter 5 nm. The second proposes C–S–H, on this length scale, as a continuous but highly
disordered sheet structure. The idea of a colloidal aggregate is more popular and considerable efforts have been spent on modelling it. The idea of a sheet structure has been widely
discussed but never investigated as a numerical model.
In this thesis, the particle view is investigated from the perspective of transport through
such structures. The idea of a colloidal model has been rationalised as a dense random
spherocylinder packing, with particles of diameter 5 nm. The aspect ratio of these particles
has been used to tune the solid volume fraction. The transport properties of the structures
were characterised using lattice Boltzmann schemes for permeability and diffusivity. This
assumes macroscopic fluid dynamics within the pores. The results show that the use of
random particle packings as structural models can not explain the low transport properties
attributed to C–S–H.
Subsequently, the sheet model was investigated. A fundamental study of space filling by
growing sheets was conducted, focussing on the growth kinetics. A new numerical platform
able to describe three-dimensional sheet structures was developed. The evolution of time is
described by a kinetic Monte-Carlo scheme. A growth model based on the two-dimensional
Eden process was used as a base model for the growth of sheets in three-dimensional space.
Further growth steps were defined, which can be combined with sheet growth into a variety
of growth models. These steps allow the growing sheets to sample three-dimensional space,
forming layered structures, and also permit a change of the growth direction of the sheet.
The growth kinetics of these models were studied and the resultant structures visualised.

x
Some of these models and their resultant structures are potential structures for the mesostructure of C–S–H.
Based on the sheet growth algorithm, a numerical model was developed to describe the
formation of C–S–H in hydrating cement paste. Sheets were grown by making assumptions
used for the model as realistic to the cement system as possible. It is also shown how the
properties of the computational sheet structures can be related to experiments on C–S–H
and cement paste, namely, 1 H-NMR (relaxometry), growth kinetics, micrographs, smallangle scattering data and the permeability. The latter was computed using lattice Boltzmann
schemes. The simple sheet growth model led to structures whose properties are consistent
with a range of such experimental observations made on C–S–H in cement paste, despite
issues in explaining the low permeabilities reported. These results make a strong point in
favour of the sheet hypotheses for the meso-structure.

Note on nomenclature
This work is very heavy in nomenclature. This is due to the description of the different
numerical methods used in this work. The literature, in which each of these methods is
described, has a standard nomenclature for each of the methods used in this work. For example, in the lattice Boltzmann literature, τ denotes the relaxation time, and in the literature
about kinetic Monte Carlo methods the same symbol denotes the time between two events.
The author of this thesis preferred to use a notation consistent with the respective literature,
so the meaning of a particular symbol can be context dependent.
The complete list of symbols and abbreviations used can be found an the end of this
thesis on page 135.
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Chapter 1
Introduction
Concrete is the most-produced artificial material. Including natural materials, concrete is
second only to drinking water. Eleven billion tons of concrete were produced in 2007,
giving an idea of the unique impact this material has on daily life, the global economy and
the environment.
The work presented in this thesis concerns cement. Concrete is a matrix of, ideally, inert
aggregates, which are held together by a glue. In most cases, this glue is Portland cement.
A brief introduction to concrete is given in Section 1.2.
When cement powder is mixed with water it hardens. Concrete and cement are wellunderstood from an engineering perspective; more than 150 years of use give extensive
experience to draw from. Nevertheless, the physico-chemical details of the hardening of
cement and the resultant chemical products have remained the subject of an intense debate
among researchers. The importance of resolving the debate has been recognised: "One of
the most important, long-standing needs in cement science is a quantitative understanding
on the atomic to 100 nm scale and how the structures on this scale control the mechanical,
transport and chemical properties of hydrated cement paste." [1]. This thesis contributes to
this debate by focussing on the meso-structure of calcium-silicate-hydrate (C–S–H)1 . The
growth of C–S–H within the pore space of freshly placed concrete eventually leads to the
hardening of the material.
The study of the meso-structure of C–S–H in hardened cement is difficult for a number
of reasons. Cement paste is a highly complex multi-component system, so it is difficult
to measure the properties of C–S–H alone. The meso-scale of C–S–H is too small to be
easily accessible by electron microscopy, and due to the disorder it is also hard to study by
scattering methods.
1 Be

aware of cement chemist’s shorthand, C–S–H is for calcium oxide - silica - hydrogen oxide (water).
More details in Chapter 2.

2

Introduction

This thesis is organised as follows: in the remainder of this chapter, the global impact
of concrete is discussed in Section 1.1 and a brief introduction into concrete is given in
Section 1.2. This thesis started as a project to investigate moisture transport through C–
S–H on the meso-scale. The literature review given in Chapter 2 shows that the spatial
arrangement of solids on this length scale is a matter of ongoing debate, with two models
dominating the discussion. One side is a colloidal model, assuming calcium-silicate-hydrate
to be assembled by 5 nm-particles with a layered structure [2–4]. The other side is the sheet
model proposed by Feldman-Sereda [5–7], which describes calcium-silicate-hydrate also as
a layered structure. The highly disordered layers are extended over a larger length scale.
Moisture transport through C–S–H was studied from the colloidal viewpoint. A particle
packing with the appropriate particle radii was used as the structural model, and lattice
Boltzmann was used to calculate the transport properties of such a structure. The study is
reported in Chapter 4, and it turned out that the simple model failed to explain transport
properties attributed to C–S–H. At this point, it was understood by the author that the more
interesting problem would be the study of the meso-structure of C–S–H itself. Since only
a single author, Gartner [8], has proposed concepts of how sheet structures may form, the
author changed the focus of the thesis.
A new computer model describing two-dimensional growth was developed and used to
study different models for space-filling by growing sheets. The different models were rationalised in a hierarchy of models, which are included in Chapter 5. Before the exploration of
sheet growth, the computer model of growing sheets was used to build an initial model of
growth of calcium-silicate-hydrate sheets, which is described in Chapter 6. The properties
of the resultant sheet structures were calculated and compared against experimental data,
obtained for cement paste.
Having been part of the EU-funded T RANSCEND project, the author of this thesis was
in the fortunate position to be able to participate in the NANOCEM2 network, which allowed
him to have frequent discussions with other researchers working on cement. In Chapter 7,
the results of the thesis are reviewed in the light of these discussions, and some suggestions
for further work are elaborated.

2 www.nanocem.org

1.1 National economic and environmental impact of cement and concrete
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National economic and environmental impact of cement and concrete

In 2007, the annual world-wide production of concrete was 11 billion tons [9]. The cement
used to make the concrete has the largest environmental footprint of the components in concrete. In order to produce this amount of concrete, approximately 1.7 billion tons of cement
was produced in 2004, contributing approximately 5 % to 8 % of mankind’s carbon dioxide
emission. It is important to note that the specific carbon dioxide emission of concrete is
actually low. Its impact is caused by the large quantities produced [1, 10]. More recently,
Schneider et al. estimated the global cement production as 2.8 billion tons per year, with
some potential to reach 4 billion tons annually [11].
Concrete is the base for most modern building activities. Thus, it contributes directly
and indirectly towards the cost of any civil engineering. One can get a feeling for the global
economic impact of concrete by considering expenses for infrastructure. In the Western
world, a clear need for renewal and renovation of ageing infrastructure has been identified.
The United Kingdom spent £41 billion on infrastructure between 2005-2010, and increased
this amount to £45 billion in the period 2011-2013. In Germany, approximately 6000 road
bridges are flagged for urgent repair or even replacement [12]. Germany’s infrastructure
spending is comparable to Britain’s, allocating approximately e 23.6 billion in the federal
budget for 2013 [13]. In the United States, the American Society of Civil Engineers reports
considerable need for infrastructure repairs [14]. To meet this demand, the United States
are debating the GROW AMERICA Act, a pledge to spend $302 billion over four years to
improve the transport system [15]. In Asia, the need for investment has been estimated as
800 billion dollars annually until 2020 [16].
This short overview highlights an important aspect of cement research: improved materials do not only pay off once during the first building phase, they also decrease the need for
repairs and therefore the overall life-cycle cost.

1.2

Concrete - a multi-scale material

Reinforced concrete is a complex multi-scale composite. The main length scales are outlined in Figure 1.1. The reinforcement bars are on the largest length scale, with a characteristic length of centimetres and more. Concrete itself is strong in resisting compressive
stress, but less so for tensile stress. This is the function of the steel bars. The reinforcement
bars are embedded in concrete, which is a matrix of aggregates glued together by cement.
The particle size distribution of aggregates, which ranges from centimetres down to less
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than a millimetre, is optimised to fill space as effectively as possible. The aggregates are
glued together by cement. In the vicinity of the aggregates, the cement matrix is disturbed
by the presence of the aggregate. This region is referred to as interfacial transition zone
(ITZ) and is of importance for durability [17]. Fresh cement paste can be seen as a loose
packing of cement particles with water between them. The cement grains have typical sizes
between 1 and 100 µm. As cement hydration proceeds, new products form between the
cement grains. The most abundant of these products is calcium-silicate-hydrate (C–S–H).
On the meso-scale, the arrangement of matter in space is still a matter of discussion, but a
characteristic size of 5 nm can be identified [2, 18].

Reinforced concrete

Concrete

Cement paste
Unhydrated cement
C-S-H
<
<
<
<

Reinforcement bar

Meso-scale

Portlandite

Interlayer pores – sub-nm

<

<

<

<
<

<

<

?

<
<
<

<

<

m - cm

cm - mm
Aggregate

<
<

100 µm – 1 µm

100s nm – 1 nm

ITZ
Capillary pores - µm

Gel pores - nm

Fig. 1.1 Relevant length scales in concrete. This thesis focusses on the spatial arrangement
of solids in the hydration products on the meso scale. Abreviations: C–S–H: calciumsilicate-hydrates, ITZ: interfacial transition zone. Note that two hypotheses are currently
discussed for the arrangement of solids in the meso scale. Inspired by Bernard et al. [19]
This work focusses on the structure of the dominant new product forming between cement grains, the calcium-silicate-hydrate.

1.3

Current research challenges within the field of cementitious materials

Scrivener and Kirkpatrick list three major barriers to innovation in concrete technology.
These are: (i) the need to guarantee structural safety, (ii) the empirical knowledge base
about the physico-chemical processes and (iii) the need to keep the cost low [1]. The second
barrier can only be lifted by increasing fundamental research activity.

1.4 Summary
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As part of the general desire to decrease mankind’s carbon dioxide emisson, it is desirable to reduce the environmental footprint of cementitious materials [20]. This is difficult for
two reasons: first, it is generally assumed that process optimisation of cement production
has already been maximised, and second, concrete is already a highly efficient and lowcarbon dioxide material [1]. Changing the composition of the cement allows one to change
the process conditions during cement production, which can lead to considerable energy
savings and hence reduced carbon dioxide emission [10, 11]. Low-carbon cements can also
be created through increasing the replacement of Portland cement clinker with secondary
cementitious materials (SCM) beyond today’s typical values.
The empirical knowledge regarding the long-time performance of newly introduced materials is necessarily limited. Civil engineering structures have typical projected lifetimes
between 50 years and 150 years. The resultant need to understand the long-term performance of cementitious materials leads to the second important research area in this field,
which is to understand the fundamental mechanisms of concrete corrosion. Understanding
concrete durability is directly linked to decreasing the carbon dioxide output: in order to
predict the lifetime of a new low-CO2 concrete, fundamental understanding of the mechanisms that deteriorate its performance is needed. All corrosion processes in concrete, such
as chloride ingress, alkali silica reaction or carbonatisation, depend on the state of water
within the material. Therefore, moisture transport in concrete and cement is of great interest
[21].
This project was initially part of an effort to understand moisture transport in concrete.
Appreciating that concrete is a multi-scale material, multiple students were assigned in the
EU project T RANSCEND3 to the different length scales. Both modelling as well as complementary experiments were employed; this thesis is the result of one of the modelling
projects.

1.4

Summary

Concrete is a material of unique importance for mankind with a huge environmental impact.
Concrete gains its strength due to the reaction of its most important constituent, cement, with
water. The meso-structure of the dominant reaction product, the calcium-silicate-hydrates,
is the focus of this thesis.

3 Transport

in concrete which is eco-friendly and innovative.

Chapter 2
Literature Review
"The more I read the papers, the less I understand."
- Ira Gershwin. Taken from [22]. Certainly true for the field of cement.
"Don’t raise this question in your thesis".
- Advice given to the author concerning the question whether the meso-structure of C–S–H
is best described as a packing of colloidal particles or as a quasi-continuous sheet structure.
The fundamentals of cement chemistry and cement hydration are reviewed.
Subsequently, selected experimental findings for calcium-silicate-hydrate (C–
S–H) in Portland cement are discussed and the most important models for the
meso-structure of C–S–H are introduced. The two dominant models, the disordered sheet structure and the particle aggregate, are discussed and the research
decisions made justified.

2.1

Introduction

This chapter has two purposes. It should serve as an introduction to the fascinating field of
Portland cement based hydraulic binders, aiming at a technical person without any specific
previous knowledge. The second, and primary, purpose is to take a detailed look at the
meso-structure of the calcium-silicate-hydrates, that is, the structure on a length scale of
approximately 1 nm to hundreds of nano metres. The major hypotheses proposed since the
late 1940s are reviewed and subsequently critically discussed.
The current "sociological climate in the field"1 is that two different meso-structure models are discussed. These are essentially those which have been proposed already in the
1 The

author of this thesis has to leave the fame for this amazing expression to Mansfield and Klushin [23].
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1890s, with provisions to include new results obtained with better experimental techniques.
The first colloidal hypotheses for cement was proposed by Michaëlis, and this dominant
school of thought proposes the meso-structure to be best described as an aggregation of
colloidal particles with a diameter of 5 nm [3, 4]. A second school of thought describes
the meso-structure as an extended and disordered sheet structure [5–8], which can probably
be seen as a highly disordered version of le Chatelier’s crystallite hypothesis [24]. Both
ideas are compared and arguments for and against the two models discussed. This is used
to justify the decision to study growing sheet structures.

2.2

Portland Cement: the underlying chemistry

Portland cement is mainly produced from the oxides of calcium and silicon. Aluminium
oxide and iron oxide are contained within the raw material as well. These oxides are mostly
obtained by using limestone and clays as the raw materials for cement production. Depending on local availability, other materials can be used. Furthermore, secondary fuels
introduced in the process can provide a contribution to the cement composition, for example calcium from ground bones. The raw materials are fired at up to 1450 ◦C in a rotary kiln,
which is part of the more complex cement plant [25].
The resultant product is called the cement clinker2 and comprises different constituents,
which are called the clinker phases. The most important clinker phases are summarised in
Table 2.1 with their abbreviation in cement chemistry notation3 . The most abundant clinker
phases are alite4 and belite, with alite being the fastest reacting phase and thus responsible
for early strength development [24]. Modern cements may contain other substances as well.
The standard EN 197-1 also allows the use of latent hydraulic materials such as granulated
blast furnace slag, siliceous or calcareous fly ash, silica fume and other materials. These
materials are called supplementary cementitious materials (SCM). Since SCM are waste
materials from other processes and replace cement clinker, they reduce the environmental
foot print of the material.
As the cement powder is mixed with water, the water dissolves the cement grains. New
2 The

word clinker has its origin in the time when cement was produced in batches. The feed was inserted
into the oven in brick-like pieces, which were also referred to as clinker [26].
3 Cement chemistry is centred around a few metal oxides, which are commonly written in shorthand as: C
- calcium oxide, S - silicon dioxide, H - water, A - aluminium oxide, F - iron oxide, M - magnesium oxide, S̄
sulphur trioxide.
4 Alite and belite are traditional names used for the two main clinker phases before their chemical composition was known. Today, they are sometimes used to distinguish between synthetic clinker phases of high
purity made of reagent grade materials and those being produced in a cement kiln which build many of the
other atoms present into their crystal lattice.
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Compound
Composition wt-%
alite (tricalcium silicate)
C3 S
65
belite (dicalcium silicate)
C2 S
13
calcium aluminate ferrite
C(A,F)
8
tricalcium aluminate
C3 A
11
free lime
C
1.2
free magnesium oxide (periklas)
M
1
Table 2.1 Main clinker phases of Portland cement. The given mass fractions are the average
values for Portland cements produced in Germany [24].
Reaction
Name
C3 S + (3 − a + b)H −−→ Ca SHb ↓ + (3 − a)CH ↓
C–S–H, portlandite (CH)
C2 S + (2 − a + b)H −−→ Ca SHb ↓ + (2 − a)CH ↓
C3 A + 3 CS̄ + 32H −−→ C6 AS̄3 H32
ettringite
C3 A + CS̄ + 12H −−→ C4 AS̄H12
tetracalc. monosulfoaluminate hyd.
C3 A + CH + 18H −−→ C4 AH19
tetra calcium aluminate hydrate
C2 (A,F) + CH + 3 CS̄ + 31H −−→ C6 (A,F)S̄3 H32
C2 (A,F) + CH + CS̄ + 11H −−→ C4 (A,F)S̄H12
aluminate ferrite monosulfate hyd.
C2 (A,F) + 2 CH + 17H −−→ 4C(A,F)H19
Table 2.2 Simplified schematic of reactions and major hydrate phases occurring during the
hydration of Portland cement [24].

substances precipitate from the pore solution, called the hydrate phases. A simplified set of
reactions describing the reactions of the main clinker phases is shown in Table 2.2. These
reactions are not independent from each other. The composition of the products formed is
also variable. C–S–H and some of the other phases can incorporate other ions present. The
possible reactions of the aluminate phases depend on the availability of sulphate. This is of
technical relevance for controlling the initial setting of cement pastes [25].
The minority of the hydrate phases are crystalline and have a defined stoichiometry. The
most important hydrate phase is calcium-silicate-hydrate (C–S–H). The notation Ca SHb or
C–S–H indicates that it is a non-stoichiometric phase.
The detailed atomic structure of the calcium-silicate-hydrate is still the subject of an
intense debate. It is, however, well established that C–S–H is chemically related to the
minerals tobermorite and jennite [24, 27]. Tobermorite has a sum formula C5 S6 H8 for the
14 Å-modification. It has a layered structure, which is shown in Figure 2.1 [24, 28].
A single tobermorite crystal consists of layers of calcium oxide. On both sides of these
layers, parallel chains of silica tetrahedra are bound. These occur in a dreierketten structure.
Two of every three silica tetrahedra are bound to the calcium oxide, whilst every third silica
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Fig. 2.1 Schematic of the crystal structure of 14 Å-tobermorite. It consists of calcium oxide
layers (brown) with a basal spacing of 14 Å. On both sides of the calcium oxide layers, infinite chains of silica tetrahedra (green) are bound. The chains consist of silica dimers, which
are connected by a bridging tetrahedron. The water between the layers is the interlayer
water [29].
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tetrahedron takes a bridging position. The space between the layers contains the interlayer
water. The layer spacing of tobermorite can change as a result of heat treatment, which
removes some of the interlayer water. 14 Å-, 11.3 Å- and 9.3 Å-modifications were reported
[28]. The shape of the crystals reflects the plate-like atomic structure [27].
The calcium-to-silicon (Ca/Si) atomic ratio in tobermorite is Ca/Si = 0.83, whilst the
typical Ca/Si for C–S–H in Portland cement systems approaches ∼ 1.7 [27, 30]. The composition of C–S–H may vary within a single sample and over time. SCMs decrease Ca/Si
down to 1.2. Despite its variability, it shows reproducible phase behaviour [29].
Models for the atomic structure of C–S–H are typically based on the tobermorite structure. The calcium-to-silicon ratio can be increased from 0.83 towards 1.7 by substituting
bridging silica with protons or assuming the presence of extra calcium ions in the interlayer space. A well known example for such a model is the Richardson-Groves model
[27, 31, 32]. Pellenq et al. employed atomistic modelling techniques to study a C–S–H-like

Fig. 2.2 Contrasting drawing of the atom positions in tobermorite (left) and glassy C–S–H
(right). Note the short-range disorder in the glassy C–S–H, which still retains some elements
of the layered structure. Reproduced with permission from [33].
structure with a calcium-to-silicon ratio of 1.7. The resultant structure is called glassy and
shown in Figure 2.2. Glassy C–S–H is highly disordered on a short range, but still some features of crystalline tobermorite, such as the layered structure [34]. The work was strongly
criticised by Richardson for ignoring elementary geometrical considerations [35].
Despite the ongoing debate about the details, there seems to be general agreement about
the atomic structure [29]. Most of the models for the meso-structure of C–S–H in hydrated
cement paste discussed below assume the existence of a tobermorite-like sheet structure.
For the sake of completeness, it is mentioned that the source of cohesion in cement
paste is an important research topic on its own right. Gmira et al. identify two different
types of forces relevant for cement paste. A short-range attractive force with significant
iono-covalent contribution bridges the interlayer space (sub nm). Ionic correlation forces,
with a range of a few nanometers, act over a longer distance and involve bound and mobile
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calcium ions. Such ions are present in the water-filled spaces [36].

2.3

Cement hydration

Cement sets and hardens after mixing with water. Typical cement pastes contain water and
cement in a weight ratio, w/c, of 0.4 to 0.8 by weight [24]. In comparison, standard testing
for mortars5 according to EN 196-1 is carried out at w/c = 0.5.
In this section, the focus lies on the hydration of alite paste. This is a common model
system used to study the fundamentals of the hydration reaction [22, 37, 38].

2.3.1

Overview about cement paste

Anhydrous cement has an approximate bulk density of 3.15 g cm−3 . This means that at
a water-to-cement ratio of 0.4, the volume fraction of water is approximately 56 %. The
particle sizes of the cement grains are between 1 and 100 µm. When cement paste, the
mixture of water and anhydrous cement, is placed in a mould, it settles as a loose packing
of particles. The water-filled interstitial space between the cement grains are the so-called
capillary pores. The initial situation is sketched in Figure 2.3-left.
When the water reacts with the cement paste, the reaction products precipitate first
within the capillary pore space as shown schematically in Figure 2.3-right. For the alite
system, these are the amorphous C–S–H phases growing from the surface of the cement
grains [39], and bulky crystalline Portlandite crystals growing in the pore space. The C–
S–H growing during the early phases is identified by electron microscopists as the outer
product (op). Later, growth of a second, much denser, morphology of C–S–H is observed at
the location of the former cement grain, which is referred to as inner product C–S–H (ip).
It is important to note at this point that in uncracked cement paste, three water environments are identified in current views on cement paste:
1. The capillary pores with sizes in the order of micrometres are located between the
cement grains and shrink gradually as hydration proceeds. Muller et al. have proposed
that for mature pastes these remain only as ca. 8 nm voids Muller:2013.
2. The gel pores with sizes of a few nanometres. These pores are located within the
amorphous calcium-silicate-hydrates formed during cement hydration. Their name
originates from Powers, who called the amorphous C–S–H precipitate a gel [2]. The
gel pores are just filled with a pore solution in equilibrium with the surrounding
phases.
5A

mortar is a mixture of cement, aggregates smaller than 4 mm, and water.
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After mixing
Portlandite
Water-filled
C-S-Hcapillary pores (µm)
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Fig. 2.3 Two-dimensional schematic of hydrating alite paste. Left: immediately after mixing, a loose packing of alite grains fills space. Right: as hydration proceeds, the capillary
pore space is gradually filled up by hydration products. The water-filled spaces are marked
by blue labels.
3. The interlayer spaces/pores are water-filled spaces with a size of an order of 1 nm.
They are commonly attributed to be located between tobermorite-like sheets [4–6, 40].

2.3.2

Time-resolved cement hydration

Cement paste sets and hardens by a through-solution reaction: the cement grains dissolve,
and as soon as solubility thresholds have been exceeded, the hydration products precipitate
in the capillary pore spaces. The chemistry of this process has already been discussed in the
previous section.
The progress of the hydration reaction can be monitored using a number of techniques.
Among the most-common is isothermal calorimetry. Figure 2.4 shows the heat flux curve of
an alite paste. Five distinct periods of reaction are often observed. Four of these are shown
in the Figure 2.4 [38]. The fifth is the slow reaction, which occurs over years [37].
Initial reaction and period of slow reaction
The initial burst of heat, labelled as the initial reaction, is caused by the wetting of the anhydrous cement. Since the surface oxygen atoms of tricalcium silicate are highly basic,
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Fig. 2.4 Typical isothermal calorimetry data for the hydration of alite (impure tricalcium
silicate). The hydration reaction is commonly separated into the four periods shown [22,
24, 37] and a fifth period, which is the slow maturing of the sample beyond the time scale
shown in this Figure. Reproduced with permission from Bullard et al. [38].
their protonation releases a considerable amount of heat [22]. The reaction then slows down
drastically. Garrault and Nonat showed that for pure alite this correlates with a rapid decrease of the concentration of dissolved silica (deprotonated silicic acid) [41]. Their curves
for the concentration of silica are shown in Figure 2.5. This was interpreted, together with
atomic force microscope analysis, as showing that C–S–H nuclei form during the period of
initial reaction. It is followed by a minimum in the heat flow curve, which is referred to as
the period of slow reaction or dormant period. In Portland cement, the system appears to
be dormant, whilst for hydrating alite paste it is debated whether this period is actually just
the onset of the subsequent nucleation and growth regime. Nevertheless, the reason for the
deceleration of the reaction has been subject of an on-going debate [22, 37, 38].
Acceleration period
After about three hours after mixing, the acceleration period begins. This period exhibits
nucleation and growth kinetics of hydrates (in alite: C–S–H and portlandite) from nuclei
that form either at the beginning of the acceleration period or even earlier during hydration
[38, 41, 42].
The hydration rate of cement is defined as ∂ α/∂t. α denotes the degree of reaction,
which is the fraction of cement consumed by the reaction. The growth rate is found to scale
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Fig. 2.5 Development of the silica concentration during the first hour of hydration of tricalcium silicate at a w/c = 50. The calcium hydroxide concentration in the solution was kept
constant. The right curve shows the curve of super saturation and of maximum super saturation (nucleation curve) of C–S–H. Reproduced with permission from Garrault and Nonat
[41].
as ∂ α/∂t ∼ α 1−1/n . The growth exponent n is equivalent to that one defined by the KJMA6
equation. Exponents between two and larger than three were reported for fits during the
early acceleration period [37], indicating that early cement hydration follows conventional
crystal growth kinetics.
The detailed mechanisms of the C–S–H growth depend on the accepted model for the
meso-structure [3, 8, 18]. Their discussion is, therefore, proposed towards the end of this
chapter.
Deceleration period
The end of the nucleation and growth period is marked by a decrease in the reaction rate.
Three different hypotheses for this slow-down are currently proposed [38]. The capillary
pore space may be filled up by the outer product. The subsequent processes, either or both
densification of the outer product and formation of the inner product, may be much slower.
Ongoing space filling may eventually lead to a depercolated capillary pore space. Thus,
reaction sites may become disconnected from water reservoirs by the developing micro
structure. Lastly, small cement particles are dissolved quickly, thus reducing the surface
6 The

Kolmogorov-Johnson-Mehl-Avrami equation is a classic model for space filling by growing objects
and discussed in some detail in the introduction to Chapter 5.
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available for the further dissolution of reactants. A fourth opinion is expressed by Garrault
et al., who observed a decrease in reaction rate when tricalcium silicate was hydrated in
suspension. They explain the onset of the deceleration period as the progressive formation
of a layer of hydration product on the cement grains. This hinders the diffusion of calcium
and silica towards the reaction sites at the perimeter of the hydrate layer [41–44].
Space filling as the classical reason for the slow-down of the reaction has been considered in some detail. A review is given by Dolado and van Breugel [45], and some notable
results are cited here. Bishnoi and Scrivener simulated alite hydration kinetics with the modelling platform µic [46]. Being unable to fit the observed kinetic curves, they modified the
simulation by assuming a progressive slowing down of the hydration, due to either diffusion
control or the formation of a low-density product which densifies as the reaction progresses.
The latter hypothesis was able to fit the observed reaction kinetics [46]. Scherer et al. used a
nucleation and growth model to fit chemical shrinkage7 curves for different cements. Whilst
the fit was successful, the occurrence of the peak was observed for low degrees of hydration.
He pointed out that if that result were real, it would mean the formation of a low density
product, densifying later [47]. However, Scherer also points out that the type of equation
used to fit hydration data are generally able to fit a wide rate of curves, which may or may
not be physical [48]. Nevertheless, the formation of a low-density product has also been
observed in micrographs [39], and has also been measured by NMR [40].
Despite these efforts, the nucleation and growth period is still poorly understood [38].

2.4

Experimental techniques used to study C–S–H

Cement paste has been studied using a wide range of techniques, many of which focus on C–
S–H. Important techniques are sorption measurements, pycnometry, electron microscopy,
small-angle scattering, nano indentation, and 1 H-NMR. In this section, three of the most
commonly used techniques are reviewed; the still cited pycnometry and sorption data from
Feldman and Sereda will be discussed when their model is introduced. Thus, a section about
sorption and pycnometry is not included here.

2.4.1

Electron microscopy

Electron microscopy has proven to be a powerful tool to obtain information about the spatial
arrangement of cement hydration products [27, 39]. One particular problem of the method
7 Chemical

hydration.

shrinkage is the volume reduction during cement hydration. It is also used to monitor cement
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is the human tendency to be uncritical with visual information. Particularly with a highly
inhomogeneous system, such as hydrated cement paste, this introduces the danger of overinterpreting the micrographs. The sample preparation requires at least partial drying, and
sometimes sputtering or polishing. This may alter the nano and micro structure. Even environmental scanning electron microscopy techniques (ESEM) require some drying, which
may effect the observed morphology [49]. It is also difficult to obtain a meaningful statistical representation of a sample with only a few images. Despite these problems, in this
section, some selected images acquired with different electron microscopy techniques for
different samples are presented and the main structural features discussed.
Early age morphology and surface seed density of C–S–H seeds
Figure 2.6 shows selected micrographs of alite and tricalcium silicate surfaces after short
hydration times, typically less than 2.5 h. For all three cases, the surface is relatively blank
with only isolated spots of hydration products formed. This was also observed by Garrault
and Nonat with atomic force microscopy [41]. Bazzoni et al. estimated the number of spots,
which are interpreted as nuclei for the hydration product, as about 33 µm−2 for tricalcium
silicate paste as shown in Figure 2.6a [50]. A comparable value of 16 µm−2 was found
by counting, by the author of this thesis, in Figure 2.6b, which shows data for an impure
tricalcium silicate. This suggests that typical seed densities are in that order of magnitude.
This agrees well with model fits obtained by Scherer [47].
The clusters of C–S–H formed in Figure 2.6b and c appear to have a complicated morphology, even slightly crystalline. In the literature the expression ”sheaf-of-wheat morphology” is used [51].
Micrographs of C–S–H found in mature cement paste
Electron microscopy techniques have been used frequently to characterise mature cement
pastes and synthetic C–S–H [27, 54]. Selected micrographs obtained for different systems
are shown in Figure 2.7.
Figures 2.7a and c both show hydrated tricalcium silicate at a relatively advanced age (3
months and eight years). The dominant morphological features are the same. The product
surrounding the cement grain, typically referred to as outer product [27], is less dense and
has a fibrillar morphology. The inner product forming at the location of the cement grain is
dense, probably because of direct conversion. Rößler et al. showed that the fibril grown in
the outer product, presented in Figure 2.7(a-right), has crystalline features [55]. The more
recent SEM micrograph of tricalcium silicate hydration in Figure 2.7b was taken after about
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(a)

(b)

(c)

Fig. 2.6 (a) Scanning electron microscopy (SEM) image of pure tricalcium silicate powder
hydrated for 2 h. The arrows indicate small clumps of C–S–H/hydration product forming on
the surface. The surface concentration these clumps was taken as the C–S–H seed density
and was counted as 33 µm−2 . Reproduced with permission from [50]. (b) SEM micrograph
of alite clinker hydrated for 1.3 h (above) and for 2.5 h (below) at a water-to-cement ratio
of one. Note how the morphology
individual
clumps develop into more complex
Sourcesof(a)the
Bazzoni,
(b)
clusters and the opening of edge
pits. and
TheBeadoin,
surface(cconcentration
of the clumps was counted
Alizadeh
)
−2
by the author of this thesis as about
16 µm
Bellmann
2010 from the lower picture. Reproduced with
permissoin from [52]. (c) SEM micrograph of clean surface of pure tricalcium silicate
after 0.5 h hydration. A large C–S–H cluster is seen in the background. Reproduced with
permission from [53].
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seven hours and shows that the surface of the cement grain is covered by an open structure
assembled by fibrils or sheets, which seems to be much more disordered compared to Figures 2.7a and c. Figure 2.7d shows a micrograph of a mature sample of Portland cement.
The morphology is described as "fine fibrillar" and is much denser than the morphology
observed for younger samples.

(a)

500 nm

(b)

(c)

(d)

Fig. 2.7 (a) ESEM micrographs of a tricalcium silicate grain with minor impurities after
three months of hydration at a water-to-cement ratio of 0.5. (a-left) A fibrilliar structure
is seen surrounding the grain. The grain itself is relatively featureless. The enlargement
(a-right) shows one of these fibrils in TEM [55]. (b) Same conditions as in Figure 2.6b,
but after 7 h hydration time. The surface of alite is no longer visible and covered by an
open structure of hydration products [52]. (c) Popular TEM micrograph from Richardson
showing an alite paste with water-cement-ratio 0.4, hydrated for eight years. The dense
region in the left-upper corner of the micrograph is classified as inner product, the arrows
indicate the boundary towards the outer product, which is fibrillar [27]. (d) TEM micrograph
of a region in a mature Portland cement sample in the presence other hydration products.
The C–S–H in the centre shows a dense morphology known as fine fibrillar [54].
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Small-angle scattering

Specific surfaces
Specific surfaces of porous samples can be obtained from small-angle scattering using the
Porod method. This requires knowledge of the scattering contrast between pore fluid and
solid phases present. Early work used estimated scattering contrasts [56]. More recent work
used the contrast matching method to measure the scattering contrast directly. This allowed
conclusions concerning the composition of C–S–H in cement paste. It was also concluded
that the surfaces of the interlayer space between the tobermorite-like layers C–S–H are not
seen by the scattering. [57]. This implies that there is considerable disorder on a shortrange scale, smearing out the contrast. By combining SAXS and SANS measurements with
contrast matching in different fluids, a C–S–H sum formula of C1.7 SH1.8 and a density of
2.604 Mg m−3 were derived from the measurements [9]. The development of the specific
surface measured by SANS with hydration time and degree of hydration shows that the
increase of surface ends after the first day of hydration. However, hydration still progresses
further. It was concluded that an early age morphology of C–S–H, visible to neutrons, is
formed, which is followed by the formation of a second C–S–H morphology, whose surface
is invisible to neutrons [57].
Spatial arrangement of solids from SAS
The scattering intensity is related to the Fourier transform of the autocorrelation of the
scattering length density distribution. Thus, spatial information can be obtained from the
dependence of the intensity on the q vector. However, since a given autocorrelation does not
lead to a unique structure, the interpretation of this data is model-dependent. A recent smallangle scattering curve is shown in Figure 2.8 [30]. The details of the curve, interpreted by
the slope of the graph, are shown in the Figure and explained below.
Early small-angle neutron scattering experiments were analysed assuming that scattering would be caused by circular pores of a size range between 1 and 10 nm [56]. Later
experiments found a range in which the intensity decayed as approximately q−2.5 before entering the Porod regime. This was interpreted using a model of a volume fractal of a particle
packing. The fractal packing of particles with a diameter of ca. 5 nm extends towards about
100 nm. The fractal dimension was 2.5-2.7 [18]. It was proposed that the fractal structure is
formed via a diffusion limited aggregation mechanism which would lead to similar fractal
exponents. A wide range of different cement systems was studied, and a second power law
decay was found with q−3.2 to q−3.7 . This is interpreted as a surface fractal on the cement
grain surface [30, 58]. Different studies have shown that the application of a fractal particle
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Fig. 2.8 Typical small-angle neutron scattering curve for cement. The labels of the regions
and the interpretations are as in the original. Reproduced with permission from Allen et al.
[30].
model leads to 5 nm particle aggregates. Their properties, like the local packing fraction,
etc., change in a predictable manner, supporting the proposal of a drying colloidal aggregate [59]. De-calcification by leaching of cement samples decreased the slope in the volume
fractal regime towards q−2 . This was interpreted as a structural change towards sheets, since
the form factor of discs decays as q−2 [59]. The specific surface area, measured by neutrons,
doubled. This was interpreted, within the bounds of the Jennings’ model [3], as high density
(HD)-C–S–H being converted into low density (LD)-C–S–H.
Surprisingly, few small-angle studies were found by this author for synthetic C–S–H.
Recently, Chian et al. studied synthetic C–S–H samples using SANS. They observed an
interlayer peak, which suggests that also the surface of the interlayer should be visible to
the neutrons. The data was analysed with a new model based on the second generation
of Jennings’ model [4]. The base particle is a stack of discs with a distribution of radii, a
variable number of repeat layers and layer spacing. Their packing in space was described
by a fractal model. The radii of the observed particles was between 6 nm and 10 nm, and
the interlayer spacing depended on the water content of the sample. They noted that despite
the successful fitting of their results with a particle model the larger radii could also be
interpreted towards a more continuous sheet structure [60].
Brisard and Levitz studied the numerical simulation of small-angle scattering of particle
packings and how to exclude domain size effects. With this background, they discussed
potential particle models for C–S–H. They dismissed simple particle packings of spheres
and discs due to the presence of a correlation peak, as also found by the author of this thesis
(see Chapter 4). Diffusion and reaction limited structures were excluded due to the relatively
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low solid fractions obtainable. Instead a particle packing with a power-law size distribution
was proposed, which may form by a packing limited growth mechanism [61, 62].

2.4.3

Nuclear magnetic resonance (1 H-NMR)

Proton relaxometry measurements are one of the most interesting methods employed to
study cement paste and the meso-structure of C–S–H. The method can be explained with
some simplifications as follows: the magnetisation of the spins is tipped in the xy-plane,
and the loss of coherence between the rotating spin vectors is measured. In smaller pores,
the dominant loss mechanism is due to interactions between the hydrogen and the pore wall.
The system can be modelled by the relaxation-diffusion equation, describing the motion of
the spins in the pore space [63]. The surface relaxation can be described using a first-order
process consuming the coherence between the spins on pore walls as boundary conditions.
The data is often analysed using inverse Laplace transform to obtain the decay time of the
eigenmodes from the NMR signal [64]. If the decay of magnetisation is much slower than
the diffusion process, only a single Eigenmode is seen, analogous to a first-order reaction
in a well-mixed system; this situation is assumed for cement. Since the pores in cement
are very small, layers of structured water molecules at the surface of the pores become
relevant [65]. As a magnetic method, NMR measurements become increasingly difficult in
the presence of paramagnetic impurities.
Proton relaxometry has been used to study cement pastes since the late 1970s [66]. Only
selected later results are reviewed here. McDonald et al. conducted experiments on progressively dried white cement paste. Two distinct water environments were identified and were
assigned as interlayer pores and gel pores in a Feldman-Sereda style sheet model. The emptying of these pores and the formation of water surface layers was also studied. From the
relaxation time, the width of the interlayer space was estimated as 1.5 nm and the larger
pores were found to be about 4.1 nm in size, assuming an infinite planar pore. The overall
sheet porosity is estimated as 47 % [6]. This work was continued by Muller et al. Refined
experimental procedures allow them to quantify the fraction of water bound in solid hydrate
phases, such as portlandite and ettringite. Three mobile water environments were identified
in mature samples: water in the interlayer space with a width of about 0.85 nm, water in the
pores with 2.5 nm width and water larger pores which were termed interhydrate pores with
a height of 8 nm. The 8 nm pores are the remains of the capillary pores. In all cases, the pore
shape was again assumed to be an infinite slit pore. Their analysis allows them to calculate the density of the C–S–H units consisting of interlayer water and layers as 2.65 g cm−3
for white cement paste cured under water after 28 d. The data provided also allows one
to compute the solid volume fraction of C–S–H, ϕs , and the pore volume fractions for in-
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terlayer ϕil and gel pore space ϕg [40]. The same authors also measured a pore-resolved
sorption isotherm with NMR, which allowed them to quantify the progressively emptying
of different pore spaces [67]. NMR relaxometry can potentially also be used to quantify the
exchange between the different water environments [68].

2.5

Proposed models for the meso-structure of C–S–H

In this section, the most important models for the structure of the calcium-silicate-hydrates
are reviewed. The question of the structure is almost as old as Portland cement itself. In
1887 le Chatelier proposed a crystal theory, and in 1893 Michaëlis proposed the first colloidal theory [24, 27]. Twenty years later, the C–S–H structure was still the subject of an
intense debate [69]. This debate is ongoing until today.

2.5.1

The Powers-Brownyard model (1940s)

The Powers-Brownyard model is schematically shown in Figure 2.9a. It describes cement
paste as space filled by Portlandite, some minor hydrates, capillary pores and the cement
gel. The capillary pores are large pores between the hydration products. Powers noted
that these pores may depercolate under some conditions. Thus, the capillary pores may be
only connected via the pores in the cement gel. The dominant cement gel is assembled by
particles with a diameter of about 4.5 nm (8.6 atomic units in the orignal publication) [2].
The space within these particles is called gel porosity and is on average 0.8 nm wide [2].
The specific surface area is about 700 m2 g−1 (of solid) as measured by water sorption using
the Brunnauer-Emmet-Teller (BET) technique. The gel porosity is defined as the space
accessible to water, but not nitrogen. In contrast, nitrogen can only access the capillary
pores. Powers does not specify the kind of cohesive force within the gel, but speculates it
may be a mixture of van der Waals forces and chemical cross-linking between the particles.
The lowest end of the porosity of hydrated cement paste is given as about 26 %. Powers
identifies two types of water: evaporable water, contained in capillary and gel pores, and
non-evaporable water being part of the structure of the gel particles. The permeability of
the gel is assigned a measured value of 7 × 10−23 m2 . [2, 24]. As Powers notes: "Most of
the research needed in this field is yet to be done." [2].

2.5.2

Wittmann model (1970s)

The Wittmann model describes the hydration product as xerogel [24]. The average particle
radius is assumed to be about 10 nm. Water interacting with the structure decreases the

24

Literature Review

B

A

A

A – interparticle bonds
X – interlayer water
B – tobermorite sheets
o – adsorbed water

(a)

(b)
Intracrystallite
pore

Gel
particle

Narrow
entrance

Intergel
particle
pore

Monolayer
water

Intercrystallite
pore

Narrow
entrance

(c)
LD-C-S-HEmpty at
20 % rh
LGP:
3-12 nm

N2 accessible pore:
Full at 90 % rh
Empty at 40 % rh

Globule:
Full at 11 % rh
20 nm

(d)

LGP:
3-12 nm

Small gel pores: 1-3
nm

Intraglobular
pore

(e)

Fig. 2.9 Overview of most of the C–S–H models proposed since the 1950s. A scale can
be added to models (b-e) by assuming that the layer-to-layer distance is about 1 nm. (a):
the Powers model (reproduced with permission from [2]), (b) the Feldman-Sereda model
(redrawn from [70]), (c) the Daimon model (redrawn from [71]). (d) Jennings’ model from
2000 (redrawn from [3]), (e) Jennings’ model from 2008. The enlargement shows the internal structure of each particle. The abreviation LGP denotes large gel pores (redrawn from
[4]).
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surface energy, which in turn influences the mechanical properties [72]. The author of this
thesis found accessing further literature difficult. This model does not seem to play too
much role nowadays, because some of its ideas have been included in Jennings’ model [3].

2.5.3

The Feldman-Sereda model (1970s)

The Feldman-Sereda (F-S) model is the result of studies of the interaction between water
and cement paste. Adsorption isotherms regarding the water-uptake and the macroscopic
swelling/contraction during drying and rewetting were investigated, as well as density and
mechanical properties measured as a function of the relative humidity the cement was equilibrated with. The chemical similarity of the the C–S–H phases with tobermorite was also
realised.
BET experiments on cement paste with nitrogen and water as adsorbent gave very different results for the specific surface of D-dried8 cement paste. It was also found that the
sorption isotherm of water shows hysteresis, even for relatively low relative humidities: this
means that the adsorption of water in cement paste at this humidity-range is not reversible.
Therefore, the assumptions behind the BET method to determine the specific surface by
vapour adsorption become invalid. The solid density of C–S–H, measured by helium pycnometry, also changes depending on the relative humidity at which the sample was equilibrated. If the samples were progressively dried, the density changed spontaneously. A
corresponding change of mechanical properties was observed at this point.
Feldman and Sereda explain these observations by describing C–S–H as a disordered
arrangement of tobermorite-like sheets, as shown in Figure 2.9b. The space sandwiched
between the sheets is the interlayer space and accessible to helium, water, and to molecules
of similar properties as water such as methanol. The response of cement paste to changes
in relative humidity is explained by gradual removal of water from the interlayer space and
eventually by collapse of the sheet structure, as the interlayer space is empty. Some of these
changes seem to be reversible. Feldman and Sereda include the larger spaces between the
layers in the capillary pore space, a notion which has changed over time (see below). The
interlayer space is not seen as a pore space and the water is seen as part of the structure.
Cohesive forces between the layers with and without the presence of water are postulated
[5, 70, 74] (see also Figure 2.9b). Many authors consider the Feldman-Sereda model today
as a model of spatially extended sheets, whilst the author of this thesis did not find any
comment on that in the manuscripts he has read.
The model has been developed further. McDonald, Rodin and Valori’s interpretation of
8 D-drying

6.7 × 10−2 Pa

refers to equilibrating the sample with the water vapour pressure at −79 ◦C, which is about
[73].
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the water populations measured by NMR has led to the extension of the model towards gel
pores [6]. Other authors speculated about the spatial extent of the sheet structure, towards
larger structures. Gartner proposed a mechanism for cement hydration based on the growth
of sheets [8] and presents X-ray microscopy images to support his point [51]. Scrivener and
Nonat propose an extended sheet structure behaving like a colloid [7]. Today’s interpretation
of the F-S model seems to be the second-most popular model for the meso-structure of C–
S–H, where it is seen as a quasi-continuous, highly disordered, sheet structure.

2.5.4

The Daimon-Model (1976)

The author of this thesis finds the Daimon model [71] of particular interest because it combines elements of most of the other models discussed here. The structure of the cement gel is
seen as relatively large particles whose size is not specified. The size of the intergel particle
pores is given as 16 nm to 100 nm, indicating particles of at least the same size. Inside, the
particles have a structure similar to McDonald’s perception of the Feldman-Sereda model.
Disordered tobermorite-like layers surround larger pores, which are called inter crystallite
pores and have a size range between 0.6 nm to 1.6 nm. This notion seems to be similar to
the modern concept of gel pores located between disordered aligned layers of tobermorite
[6]. Surprisingly, it has a relatively low number of citations.

2.5.5

The Jennings models (2000s)

The most recent C–S–H model is the Jennings model [3, 4]. The development of the ideas
for this model actually started in the mid-nineties, when Tennis and Jennings proposed a new
model to predict the composition of hydrated cement paste. Using a set of literature known
reactions and associated Avrami-style kinetic constants, they approximated the density for
saturated C–S–H as 1760 kg m−3 and for D-dried C–S–H as 2860 kg m−3 . The different
densities and surface areas obtained by water and nitrogen (see in the section about the
Feldman-Sereda model) were explained by introducing two different types of C–S–H. The
first type being accessible to nitrogen and water, the other one only to water. The ratio
between these two types of C–S–H was found by fitting to hydration data [75]. This idea was
then developed, with some model extensions towards the concept of high-density (HD) and
low-density (LD) C–S–H, where the densities were again obtained by fitting experimental
data for cement hydration [76]. It is assumed that the LD-C–S–H is formed as low-density
outer product in the capillary pores, whilst the HD modification forms later.
Jennings’ first colloid model, schematic shown in Figure 2.9d, is an attempt to give the
Jennings-Tennis model a simple physical basis. Based on the density values obtained for C–
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S–H with empty pore volumes, a C–S–H base unit with a radius of about 1.5 nm is defined.
This base unit may be similar to a tobermorite elementary cell. The base units are packed in
globules with a packing density of 82 %, assuming that the base units may not be spherical,
enabling the high packing fraction [77]. The globule radius is 2.5 nm, taken from neutron
scattering results. These globules then form HD and LD-C–S–H with densities obtained
from the Jennings-Tennis model. This leads to a packing density of 87 % for the HD form,
assuming again that the globules may be squashed, and of 72 % for LD-C–S–H. Its packing
is either described as an imperfect colloidal crystal, or the high packing fraction is justified
by assuming non-spherical particles. It is assumed that the LD-C–S–H again forms clusters
with a radius of 10 nm, which was probably concluded from sorption experiments with
larger molecules. It is assumed that the resultant hierarchical packing leads to different pore
sizes on different levels in the hierarchy. This can explain the sorption isotherms obtained by
different molecules: water can enter the smallest pores, whilst nitrogen and larger molecules
cannot. Therefore, parts of the pore system are inaccessible for different molecules. It is
also claimed that the resultant structure has a fractal dimension of 2.74, agreeing with the
"volume fractal region" reported by neutron scattering. It was suggested that the C–S–H
morphologies observed in micrographs form by self-organisation of the colloidal particles
[3]. Phenomena like creep and the mechanical response to drying have been explained based
on rearrangements of the globules and stresses due to menisci entering the small pore space
during drying [78].
In 2008, a revised version of the Jennings model was published [4], which focuses on the
low-density C–S–H proposed to form in the capillary pore space during cement hydration.
The model is outlined in Figure 2.9e. The concept of the hierarchical particle packing was
kept, but the idea of the 1.5 nm base unit forming a globule was replaced by introducing a
new globule of 2.5 nm radius with a layered internal structure. The new globule is shown
in Figure 2.9e. The globule has three water environments: the interlayer space, the intraglobular pores and surface layers adsorbed on the particle surface. In addition to these three
water environments, two groups of pores in the hierarchical packing are proposed: smallgel pores ranging in size between 1 and 3 nm and the large gel pores (LGP in Figure 2.9e),
ranging from 3 to 12 nm. Depending on the degree of water saturation, the packing density
of these globules ranges between 0.7 and 0.59. Hysteresis in the sorption isotherms at low
relative-humidity is explained by preferential emptying of the intra-globular pores.
Jennings’ model has become increasingly popular, due to its at least semi-quantitative
nature and the fact that it is based on a relatively easily understandable concept of particles.
It has induced considerable work within the MIT group, for example, multi-technique in-
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vestigations of cement paste [79]. For sub-stoichiometric9 conditions, even three different
C–S–H phases with different mechanical properties were found. This was interpreted in
the light of Jennings’ model as regions with three different packing densities [80]. In this
context, the mechanical response of polydisperse packing has been investigated numerically
by Masoero et al. The packings were generated using a Metropolis Monte Carlo algorithm
with a Lennard-Jones-type potential between the particles. New particles were inserted
with a probability depending on the free-energy gain for the whole structure during the
insertion. Moderate agreement with experimental data was achieved [81]. This idea regarding the particle insertion was also used by Ioannidou et al. to describe the time-resolved
development of a Jennings-type particle model. A molecular dynamic/particle dynamic
scheme was employed to simulate the behaviour of particles with a typical size of 10 nm
to 30 nm with a Lennard-Jones potential and Yukava repulsion. The potential was parameterised according to experimental data10 . Time evolution in the model was controlled not
by molecular dynamics but by logarithm of the occurrence of insertions. The idea is completely phenomenological. However, the shape of hydration curves can be reproduced for
the space-filling versus time plot [82].

2.6

Discussion and Conclusions

Looking back at the models which have been reviewed in this section, one can split them
into the two classes initially proposed by Michaëlis and le Chatelier: colloidal particle and
crystalline models. Crystalline may mean a highly defective crystal. The Feldman-Sereda
model and its more modern derivatives can probably seen as highly defective sheet crystals.
The colloidal model is currently the most popular approach to the meso-structure of C–
S–H. This probably due to be due to its conceptual simplicity, its quantitative nature when it
comes to the description of pycnometry and surface data, and the fact that particles are easy
to handle - both conceptually as well as numerically. If one broadens the scope and considers
the formation of these structures, conceptual problems can be found. Ongoing nucleation of
particles is unlikely to happen in cement paste due to the insufficient supersaturation relative
to C–S–H [38]. The way that current colloidal models are built requires the assumption of a
monodisperse, or at least rather narrow, size distribution of colloidal particles. It is not clear
why these conditions exist, under which C–S–H particles should be able to nucleate but not
continuously grow at the same time. Normally, nucleation is hindered by the surface tension
9 This

refers to a w/c-ratio smaller than approximately 0.4. This means that the water added to the mixture
is not enough to for complete hydration of the cement powder.
10 The resulting potential function looks like a Lennard-Jones potential with a small repulsive hump before
the potential energy approaches zero for infinite distances.
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of the new phase. This means that nucleation needs a higher super saturation than growth,
in order to occur. The slope of the hydration curve during the early nucleation is cited as
leading to growth exponents of three and larger. For a process dominated by nucleation
at constant concentration, the slope is expected to be constant. Brisard and Levitz pointed
out that diffusion limited aggregation (DLA) cannot explain the formation of the particles,
since the structures are too open [61]. The proponents of the particle model suggest that
the DLA clusters may grow into each other, which cannot happen within conventional DLA
due to steric blocking of further aggregation at the surface of contact between both clusters.
Nevertheless, a cluster-rearrangement mechanism is conceivable.
Ionnadiou et al. [82] and Masoero et al. [81] proposed a Monte Carlo scheme to control particle nucleation, which effectively favours heterogeneous particle nucleation in the
vicinity of previously deposited particles. Such a process is, however, no longer diffusion
limited aggregation unless the cohesion forces between the particles are weak and allow for
cluster rearrangement.
The other popular model is the sheet model of Feldman and Sereda, which has received
various conceptual extensions. A model of growing sheets is attractive for a number of
reasons. Most micrographs of the outer product in cement paste fit this picture, such as
those shown in Figure 2.7. Nevertheless, neither 5 nm-particles nor sheets would be visible
in the micrographs. The classic chemical argument that the macroscopic shape of a structure
is related to the atomic arrangement may be valid though. C–S–H shown in micrographs
also do not appear like diffusion limited aggregation clusters. The synthetic C–S–H systems
appear, at least to the author of this thesis, like thin sheets, even those which are described as
fibrillar: these occur in conditions which are relatively lean in silicon. Thus, a preferential
growth direction in the direction of the silicon chains on the surface of the tobermorite-like
sheets is conceivable. The growth kinetics of such a model are, as Gartner points out, likely
to agree with the growth exponents reported for the early nucleation and growth periods [8].
A considerable weakness of the sheet-model, compared to the colloidal model, is its
vague nature. Since it is non-quantitative, it lacks the convincing quantitative argument of
Jennings’ model. Also, whilst growth of a bulky crystal of tobermorite may be easy to
model, it is not clear how defects could be introduced leading to the large volume of gel
pores measured by NMR. The growth mechanism must be much more complicated than
growth of straight sheets, since the resultant structures are amorphous and highly disordered. This disorder cannot be introduced by a large number of randomly oriented sheet
seeds, since all estimates of the seed density [47, 50] are relatively low. Scherer [47],
Bishnoi and Scrivener [46] suggest the formation of a low-density hydration product which
densifies later. Sheet growth is able to sample a large amount of space, so this idea is con-
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ceivable. On the other hand, a densifying particle packing could describe this as well, such
as the packing-limited growth model as structure for C–S–H proposed by Brisard and Levitz
[61]. A packing generated by packing-limited growth has a fractal dimension of about 2.5,
agreeing with the small-angle scattering. this is due to the blocking of growing particles by
previously grown particles. Such phenomena are, however, also likely to be found in other
growing structures.
Both models share two ideas: a hierarchical pore space, and some mechanical flexibility. In the colloidal model, these two ideas are incorporated by allowing the particles to
rearrange, whilst in the sheet model one can assume some mobility of sheet-sheet contacts,
particularly at defects. The main conceptual difference seems to be the mechanism of formation. This author wonders whether both concepts could be reconciled by replacing the
concept of a colloidal particle with a grain boundary.
The picture emerging from this literature review suggests that there is no such thing as
"a structure for C–S–H". In fact, the discussion revolves around two conceptual models,
which are the colloidal model and the sheet model.
This PhD began as a project investigating moisture transport through C–S–H numerically. The colloidal model appeared to be better established, so it was chosen as the structural model for the moisture transport investigation. This has led to Chapter 4. With increasing understanding of the field, the author realised that it would be more appropriate to step
back and study the structural aspect of C–S–H formation. Since colloidal models have been
well-covered by recent numerical modelling, it was decided to investigate the space filling
by sheets, which gave this thesis its title and led to chapters 5 and 6. A second reason not
to focus on the colloidal model is that this work is currently being pushed ahead by a large
group of researchers associated with MIT. Consequently, it was decided to investigate the
rarely-studied sheet model.

Chapter 3
Methods
This chapter gives a brief summary of the background to general methods
used in this work. This a brief introduction into the background of the kinetic
Monte Carlo method used in Chapter 5, how to simulate small-angle scattering
curves as done in Chapters 4 and 6 and how to compute the transport properties
of a numerical representation of a structure using lattice Boltzmann methods,
Chapters 4 and 6.

3.1

Introduction

In this chapter, some of the methods used to generate and characterise the structures generated in this thesis are reviewed. In none of the cases does the author claim any intellectual
ownership. Nevertheless, all codes used in this work were developed by himself.
In Section 3.2, a brief overview of Monte Carlo methods and the algorithm developed
formally. A very brief introduction to small-angle scattering is given in 3.3, together with
a brief outline of the Schmidt-Rohr method used to calculate small-angle scattering curves
from voxel representations of random structures. In Section 3.4, the lattice Boltzmann-based
scheme for the prediction of transport properties of random structures is presented.

3.2

Kinetic Monte Carlo methods

Monte Carlo (MC) methods are a broad class of methods used to solve problems by the use
of random numbers. Modern MC methods appeared together with modern computers in the
1950’s [83] to study the properties of equilibrium phases. These methods use random numbers to sample phase space, finding the most-likely equilibrium configuration. Overviews
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about different Monte Carlo techniques are given by numerous authors [84, 85].
The class of Monte Carlo used in this work is known today as kinetic Monte Carlo
(KMC), however, the term dynamic Monte Carlo is also in use. In this thesis, it is used
in Chapter 5 to ensure correct evolution of time in a sheet growth model. The early KMC
methods were developed to add a time scale to the probabilistic simulation of a system,
such as diffusion in alloys [86], Ising spin systems [87], surface desorption and molecular
beam epitaxy [88, 89], recrystallisation [90] and chemical reactions [91]. Recently, the
technique was used to extend the time scale of molecular dynamics simulations of watersolid interactions to predict NMR data by Faux et al. [65]. The well-established nature and
importance of the technique is confirmed by reviews and introductory texts [92, 93].
In the next subsection, the derivation of the general algorithm is given to demonstrate
the underlying principle. It connects to the description of the sheet growth algorithm in the
self-contained Chapter 5.

3.2.1

Derivation of the Gillespie algorithm

In this section, the derivation of the Gillespie algorithm is given as a representative example
of a kinetic Monte Carlo algorithm. The derivation follows closely Gillespie’s work, but is
generalised towards a system of processes instead of reactions [91].
Consider a system in which N different processes {Ri } can occur. Each process can
occur up to ni times at any given moment. The probability for a process Ri to occur in the
time interval (t,t + δt) is:
ki δt
(3.1)
ki is the rate of the process, interpreted as the number of this type of process occurring per
unit time. In Gillespie’s original derivation, the different processes are chemical reactions,
and ni denotes the number of different permutations of atoms capable to react in a certain
way. Equally, the two different processes might be the diffusive movements of two species
with different diffusion coefficients, then, ni denotes the number of possible movements for
each species.
The problem can be approached by defining a process probability density function
(PPDF), f (τ, i). In this case, f (τ, i)dτ is the joint probability that at time t the next process
will occur in the interval (t + τ,t + τ + dτ) and will be of type i. This joint probability
density function can be written as product of two probabilities: the probability P̄(τ) that no
event occurs in the interval (t,t + τ), and the probability that an event of type i will occur in
a time interval dτ.
f (τ, i)dτ = P̄(τ)Pi (dτ).
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Pi (dτ) is found from Equation 3.1, so one obtains:
f (τ, i)dτ = P̄(τ)ki ni dτ.

(3.2)

The probability that no event occurs in the time interval (t,t + τ) can be calculated by
splitting the time interval τ into M subintervals of length y = Mτ . The probability that no
event of type i will occur in an interval of length y is obtained from Equation 3.1 as 1 − ki ni y.
The joint probability that no event of type i occurs in any of the M time intervals is then:
N−1

P̄(τ) =

!M

∏ (1 − kiniy)

N−1

=

1−

i=0

!M
.

∑ kiniy

(3.3)

i=0

Taking the limit for infinitesimally small y, one obtains an exponential function,
N−1

P̄(τ) = exp(−

(3.4)

∑ kiniτ).

i=0

The expression for the PPDF is then:
N−1

f (τ, i) = ki ni exp(−

(3.5)

∑ k j n j τ)

j=0

The PPDF can now be used to construct an algorithm simulating the evolution of such a
system in time. An ideal algorithm performs one process per iteration. To do so, one needs
to predict the length of the time step per iteration as well as the process to occur next. In
other words, one needs to know the time difference between the current and the previous
process irrespective of the types of these processes.

Both information can be obtained from the PPDF. The joint probability density function
f (τ,t) can be rewritten as
f (τ, i) = f (τ) · P(i|τ).
(3.6)
f (τ)dτ is the probability for any process to occur in the interval (t + τ,t + τ + dτ). For
the algorithm, it means that it is the probability that the length of time passing during an
iteration is τ. P(i|τ) is the joint probability that if an event occurs after a time τ, it will be
of type i. From the definition of f (τ, i) above follows:
N−1

f (τ) =

∑

i=0

N−1

f (τ, i) =

∑ kini exp

i=0

N−1

−

∑ k jn jτ

j=0

!
.

(3.7)
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The length of each time step can now be sampled from this probability density function by
finding a time step as
!−1
N−1

τ=

∑ kini

ln(1/X),

(3.8)

i=0

where X ∈ [0, 1) is a uniformly distributed random number. The sum in this equation is also
known as the rate line. It is noted that some authors ignore the logarithm since it averages
to unity and use instead [86, 88, 89]
N−1

τ=

∑ kiniτ

!−1
.

(3.9)

i=0

Substitution of Equation 3.7 in Equation 3.6 and rearranging leads to:
f (i|τ) =

ki ni
.
N−1
∑ j=0 k j n j

(3.10)

Sampling this distribution is trivial. An example flow diagram of the algorithm is given in
Chapter 5.

3.3

Small-angle neutron scattering prediction

If any radiation, such as X-rays or neutrons, passes through a material, it is scattered. For
simplicity, the radiation is monochromatic with wavelength λ . The scattering centres are the
atomic nuclei (neutrons) or the corresponding electron shells (X-rays). Thus, the scattering
of X-rays and neutrons of the same material may effectively see a very different picture,
which makes both methods complementary. In this section, only elastic scattering methods
are considered. A detailed presentation of the small-angle scattering theory outlined here
can be found in chapters one and five of Roe’s book [94].
The relative positions of scattering centres leads to interference between the scattered
waves from different scattering centres. The scattered wave receives a phase shift encoding
spatial information about the scattering centre it has been scattered by. Interference between
these waves leads to an intensity I(q) depending on the direction of observation. The qvector is defined as the difference between the direction of the incident radiation and the
observed direction, multiplied by 2π/λ . Therefore, the intensity encodes information about
the spatial arrangement of matter.

3.3 Small-angle neutron scattering prediction
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It can be shown that the amplitude of the radiation scattered in direction q is given by
Z

A(q) =
V

ρS (r) exp(−ıq · r)dr.

(3.11)

This expression is the Fourier transform of the scattering length density function ρS (r),
which describes the spatial distribution of scattering centres. The Fourier transform offers
another view on the method: the amplitude is a measure for the occurrence of a spatial
frequency q, whose associated (wave) length is 2π
q . Neither the amplitude of neutrons nor
that of x-rays can be measured, instead, the detector obtains the intensity. It is related to the
amplitude as I ∝ |A|2 . Taking the absolute value of the amplitude means that the complex
part of the amplitude is lost during detection, thus, geometrical information is lost. It can be
shown that
Z
I(q) =
ΓρS (r) exp(−ıq · r)dr.
(3.12)
(V )

The intensity is the Fourier transform of the autocorrelation function of the scattering length
distribution ΓρS (r′ ) = ⟨ρc (r)ρS (r + r′ )⟩V [95]. It contains less information than the scattering length distribution ρS (r) itself. The angled brackets denote the volume average. Thus,
it is not possible to obtain ρS (r), or what one may call "the structure", by inverse Fourier
transform.
Elastic scattering techniques can be broadly split into two types: diffraction methods
look on the arrangement of atoms, whilst small-angle scattering (SAS) methods look on
larger length scales. The separation is at about 1 nm. Only small-angle scattering of neutrons
are directly relevant to this thesis. In both cases, the interpretation of the scattering results
requires the use of models. Geometrical interpretation of SAS curves by fitting analytical
models is probably the most common. For particles, these include, but are not limited to,
spheres, discs, rods, hollow versions of these, core-shell versions of these and many others.
Long-range correlations can be captured for particle systems in the structure factor S(q).
More complicated structures may not allow the use of simple models. The numerical
evaluation of Equation 3.12 allows one to predict the scattering curve of a sample.
Different methods are mentioned in the literature to simulate the small-angle scattering
pattern of a given structure [61, 96, 97]. Different methods were used in different chapters of
this thesis. For the spherocylinder packings in Chapter 4, the method proposed by SchmidtRohr was used, as explained below. Since the sheet structures introduced in Chapter 5 are
difficult to describe on a lattice, it was decided to choose another approach to simulate the
scattering curve, which is outlined in Chapter 6.
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The Schmidt-Rohr scheme for scattering curve prediction

The procedure used in this work to predict the scattering curves of three-dimensional structures follows Schmidt-Rohr [97]. Instead of a scattering length distribution, an indicator
function I(r) is defined. It is either one for all points that lay within the solid or zero for all
points outside the solid [95].
Consider a lattice representation of a structure with N 3 nodes. The lattice spacing is
denoted as δ x. The numerical Fourier transform of this field shall be denoted as Adisc (q).
Since there is only information on each lattice node, this is effectively the Fourier transform
of a set of delta functions. To include the size of each cube, Schmidt-Rohr suggests to
convolve the result with the form factor for each lattice cube, which reads:
3

sin(qi · δ x/2)
,
qi · δ x/2
i=1

Fcube (q) = ∏

(3.13)

where qi denotes the three components of the scattering vector. The convolution is conveniently carried out in Fourier space using the multiplication theorem: I(q) = |Fcube (q)|2 ·
|Adisc (q)|2 . The spherically averaged scattering curve I(q) is then calculated via a radial average. The minimal value for the q-vector is then given by qmin = δ2π
x·N , the maximal value
π
due to the Nyquist limit as qmax = δ x . During the radial averaging, not all q-vectors fall
on the discrete points in I(q). The points between the discrete data points of the numerical
Fourier transform are linearly interpolated. The first version of the algorithm was implemented in MATLAB. A Java version was developed later. Both versions can be used on up
to 5123 lattices using a workstation with an Intel Core i7 and 16 GB RAM.

Verification of scattering pattern calculation The procedure to compute small angle
scattering curves was verified by comparison against a known solution. A single sphere
was placed somewhere in a box with 2563 voxels, the radius was varied to see the effect of the sphere resolution. The scattering curves, normalised by the spheres radius,
are given in Figure 3.1 together with the analytical result for the form factor of spheres
cos(qR))2
I(q) ∝ 9(sin(qR)−qR
[94].
6
(qR)
A good agreement between the numerical form factors and the analytical results shows
that the suggested procedure is valid. However, care must be taken when small angle pat2π
terns are computed due to the coarse resolution at q → 0, which is N·δ
x . This may lead to
features being missed. However, as Brisard and Levitz point out, domain size effects may
occur in this range [61].
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Fig. 3.1 Simulated scattering pattern of a single sphere placed in a box with N 256 voxels.
The particle radius is given in voxels. The analytical result is given by the grey squares.
Even for small particle radii, the analytical result is in good agreement with the numerical
data. The difference between the position of the first fringe predicted by the numerics and
the analytical result is around 1 %.

3.4

Characterisation of transport properties of random
structures

The transport properties of random porous media can be characterised by their permeability
and their diffusivity. The permeability is the resitance of the medium against pressure driven
flow and is defined in steady state via the empirical Darcy’s law [98]:
k
q = − (∇p − ρg).
µ

(3.14)

The flow rate per unit area is q and the permeability is denoted k. p denotes the fluid
pressure, ρ its density and g the gravitation. The permeability depends on the porosity, the
pore sizes and the connectivity between these pores.
Similarly to Darcy’s law, a porous
media version of Fick’s first law can be defined:
je = −De ∇ce .

(3.15)

ce is the effective concentration of a diffusing species averaged over a porous media and
je is the effective flux per unit area. An effective diffusivity, the ratio between the effective
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diffusion coefficient De and the free diffusion coefficient D0 of the diffusing species, can be
defined for a porous medium. According to van Brakel and Heertjes, its dependence on the
parameters of the porous media can be given as [99]
De (1 − ϕ)δ
=
,
D0
τc2

(3.16)

The porosity is (1 − ϕ), and the connectivity of the pores is rationalised in the turtuosity
τc . δ is the constrictivity, describing variations of the diffusion coefficient due to different
pore widths.
In an experiment, both quantities are in principle easy to measure. The investigated
porous sample is placed in a device able to maintain a constant driving force along the
sample and the flow of fluid or the flux of tracer (for diffusion) is measured. The effective
transport properties can then be calculated from Equation 3.14 or 3.15. If the transport
coefficients are low, this can take a very long time. The experiment may be complicated
if the sample reacts with the flowing medium or a tracer can be adsorbed on the internal
surface of the porous medium. Both is the case for cement. More advanced, non-equilibrium
techniques have been proposed [100].
The numerical permeability or diffusivity computation for a given structure follows the
experiment. A numerical representation of the porous media is placed in the computational
domain with pressure or concentration boundaries at the domain ends. Alternatively, the
fluid can also be forced through the porous media by applying a body force. In this work,
lattice Boltzmann is used to solve the Navier-Stokes equation and the convection diffusion
equation (CDE) in the pore space. As soon as steady state has been reached, the simulation
is terminated and the permeability/diffusivity is computed from the flow rate through the
sample.
The obtained result is, of course, dependent on the physical model used. The lattice
Boltzmann algorithms used in this work solve macroscopic fluid dynamic equations. Their
solutions are self-similar for all length scales. Thus, contrary to popular belief, at least
standard lattice Boltzmann methods are not capable of reproducing any nano-fluidic effects.
Special boundary conditions may be required [101].

3.4.1

Lattice Boltzmann

The lattice1 Boltzmann method is a relatively young, cellular-automaton based method of
computational fluid dynamics (CFD). In this section, the general background, the algorithm
1 About

the capitalisation: in this work, following Wolf-Gladrow, lattice Boltzmann is written with a
normal-case ’l’ [102].
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and program are introduced to communicate the general understanding of the method. For
an overview, the reader is referred to Succi’s book and Raabe’s review [103, 104]. A frequently cited introduction in the mathematical background is given in the published lecture
notes of Wolf-Gladrow [102]. This author found the thesis of Sani also a helpful starting
point [105]. Permeability studies with lattice Boltzmann have been quite popular [106–110].
However, It has also been used for reactive flows in geology [111] and chemical engineering
[112]. Algorithms for multiphase flow were also developed.
Classical CFD methods employ different mathematical methods to solve the partial differential equations describing the motion of fluid. For bulk fluid motion, this is the NavierStokes equation (NSE), for diffusive mass transfer this is the convection diffusion equation
(CDE) [98]. The methods to solve these equations employed are typically finite-difference,
finite-volume or finite-element methods. These equations are macroscopic averages of the
the underlying behaviour of the parcels of fluid. Lattice Boltzmann approaches fluid behaviour from a particle perspective. Flow properties are derived from the evolution of a
highly simplified model of particle dynamics, originating in the Boltzmann equation.
The basis of the lattice Boltzmann model is the lattice Boltzmann equation, which is a
discrete variant of the Boltzmann equation describing the behaviour of a gas. Phase space
is discretised; the spatial component r as an n-dimensional lattice, the velocity component
as N discrete velocities on each point in space. The lattice spacing is denoted δ x, and
time evolves in steps δt. The discrete velocities are {ci } = (c0 , c1 . . . , cN−1 ). The idea is
illustrated in Figure 3.2 with the lattices used in this work. The state of the gas at each
lattice node is described by the discrete velocity probability density function, which is discretised as probabilities { fi } = ( f0 , f1 , f2 , ..., fN−1 ). Thus, fi is the probability of finding
a gas molecule moving in direction ci . Macroscopic variables, such as the fluid density ρ
and fluid velocity u are defined via the zeroth and first moment of the velocity probability
density function. The evolution of the velocity probability density function is described by
the lattice Boltzmann equation (LBE):
fi (r + ci δt,t + δt) − fi (r,t) = Ωi (r,t).

(3.17)

The right hand side of the LBE, Ω(r,t) is the collision operator, which contains the
model for the particle interactions. Each time step can be split into two algorithmic steps:
the collision step in which the particle velocity distributions are altered according to Ω(r,t),
and the streaming step, in which the particles sitting at time t are moved in direction ci to
the next lattice node.
The lattice Boltzmann algorithm in this work uses a discrete version of the Bhatnagar-
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Fig. 3.2 3D visualisations of the two lattices used in this work. (a) The D3Q19 lattice used
for the simulations of bulk fluid movement. (b) The D3Q7 lattice used for the simulations of
mass diffusivity. The white-filled circle in the centre represents the rest channel f0 . Redrawn
after Navaez and Harting [113] with changed labels.
Gross-Krook approximation, which reads

eq
Ωi (r,t) = −F fi (r,t) − fi (u(r,t), ρ(r,t)) .

(3.18)

F denotes the collision frequency δt/τ, where τ is the collision time. As it will be seen
later, τ controls the transport properties of the gas regarding momentum (hydrodynamic
eq
lattice Boltzmann) and mass (diffusion lattice Boltzmann). fi (u(r,t), ρ(r,t)) is the equilibrium velocity probability distribution. In principle, different choices for the equilibrium
distribution can recover the same macroscopic behaviour, as long as the collision operator
fulfils the right properties. The properties needed to reproduce certain physical behaviour
are discussed in the corresponding section.

3.4.2

Lattice Boltzmann for the Navier-Stokes equations

A lattice Boltzmann model leading to solutions of the Navier-Stokes equation requires a collision operator which conserves mass and momentum, fulfils Galilean invariance and leads
to isotropic fourth-order velocity tensors. The following equilibrium function conserves
mass and momentum [102]:
eq
fi (ρ(r), u(r)) = ωi ρ



ci · u (ci · u)2 u2
1+ 2 +
− 2 .
cs
2c4s
2cs

(3.19)

Certain symmetry requirements are imposed on the lattice to obtain the demanded isotropy
of the fourth order velocity tensors. These can be ensured by using one of the lattices given
by Qian [114] with appropriate lattice weights {ωi } = (ω0 , . . . ωN−1 ). The constant c2s is the
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lattice speed of sound. The pressure is related to the density of the lattice gas via
p(r,t) = c2s ρ(r,t).

(3.20)

The lattice used in this work for the lattice Boltzmann algorithm to recover the NavierStokes equation is the D3Q19 lattice shown in Figure 3.2. It has 1 rest and 18 velocity
channels. The macroscopic variables, such as the fluid density ρ and fluid velocity u are
defined via zeroth and first moments of the velocity probability:
N−1

ρ=

fi ,

(3.21)

fi ci .

(3.22)

∑

i=0
N−1

ρu =

∑

i=0

The kinematic viscosity of the model is
ν

= c2s



1
τ − δt .
2

(3.23)

The relaxation time τ can take values 0.5 < τ < ∞.
Boundary conditions
The boundaries of the fluid domain require special treatment, as in any other solution
method for a PDE. The left-hand side of Equation 3.17 shows that for a fluid node close
to the domain boundary, those parts of the velocity probability distribution function which
come from outside the domain boundary remain undefined. In turn, the treatment of those
velocity vectors pointing out of the domain must be specified, otherwise, the domain would
"leak". This problem is outlined in Figure 3.3. The definition of a boundary condition means
finding meaningful ways to specify those velocity distributions pointing inwards at the wall.
Below, the different types of boundary conditions used in this work are introduced.
Solid walls: no-slip boundary conditions The most frequently appearing boundary conditions are no-slip boundaries at solid walls. Their simplest treatment are bounce-back
boundary conditions. The principle is shown in Figure 3.3c. Those velocity probabilities
streamed into the boundary nodes are inverted and returned in the next step [103, 116].
Periodic boundary conditions Periodic boundary conditions are a common way to realise open domains, provided that the geometry under consideration (e. g. the porous media)
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Fig. 3.3 (a) Two-dimensional illustration of the problem at the domain boundary of lattice Boltzmann domains: during an update step, the velocity distributions f7 , f8 and f2 are
streamed out of the domain, whilst the f5 , f1 and f6 do not receive a new value from a cell out
of the domain. (b) Illustration of the generalised boundary conditions proposed by Zhang et
al. Redrawn after [115]. (c) 2D illustration of half-way bounce back boundary. Each time
step consists of a collision and a streaming step (see equation 3.17). From left to right: (1)
after the collision step, the velocity distributions aiming for the wall are shown. Their values
are represented by the different lengths. (2) The streaming step moves them into the wall
nodes. Note that time increments by δt. During the collision phase of this step, the wall
particle velocity distributions are reversed. (4). The streaming step returns the velocity distributions in the domain. The grey line shows the effective wall position half-way between
the wall nodes and the fluid nodes. Redrawn and modified after Sukop and Thorne [116]
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is periodic too. They can be implemented by inserting those velocity probabilities leaving
the domain at the opposite site, and vice versa.
Pressure boundary conditions Consider a pressure boundary in the positive x-direction.
Then, as shown in Figure 3.2a, the velocity distributions { f2 , f8 , f10 , f12 , f14 } are unspecified after the streaming step. The idea, first developed by Zou and He for D2Q9 and D3Q15
lattices and extended to D3Q19 lattices by Hecht and Harting [117, 118] is as follows: the
relationship between the velocity probability distributions and their first and zeroth mo
ments, namely ρ and u = ux , uy , uz , is linear. Due to the continuity equation, one of
these moments is dependent on the other three. This leads to an under-determined system
of three equations and five unknowns. By assuming bounce-back for the non-equilibrium
part of the outgoing particle velocity probability distributions and the introduction of two
extra variables, the transversal velocities, the system of equations can be balanced. As a
result, a density can be specified at the domain boundary which is related to the pressure via
the lattice gas equation of state. Velocity boundary conditions can be defined by the same
approach.

3.4.3

Lattice Boltzmann diffusivity scheme

Shortly after the first lattice Boltzmann methods hydrodynamic simulations appeared, it
was recognised that LB can also be used as a solver for the convection diffusion equation [119–121]. Its application for characterising the diffusivity of porous media has also
been proposed previously by different authors [122, 123]. The CDE requires only mass
but not momentum, to be conserved by the collision operator. Additionally, the symmetry
requirements on the underlying lattice for recovering diffusion are less than those for the
Navier-Stokes equation. In this work, a Cartesian D3Q7 lattice with six velocity channels
and one rest channel was used, as shown in Figure 3.2b. This reduces the memory demand
and increases the code performance.
The CDE equation can be recovered from a lattice Boltzmann scheme if the equilibrium
distribution function reads
eq
fi = cωi (1 + Ki uB · ci ).
(3.24)
The velocity of the fluid, in which the species diffuses, is denoted as uB and Ki is a lattice dependent constant. In this work, only pure diffusion has been investigated, therefore
uB = 0. The particles described by the velocity probability density distribution are now
interpreted as particles of the diffusing species. Thus, the concentration of particles is the
zeroth moment and the flux the first velocity moment of the particle velocity probability
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distribution:
c = ∑ fi

(3.25)

τ − 1/2
∑ ci fi
τ

(3.26)

i

j=

τ− 1

Note the τ-dependent term τ 2 in the definition of the flux of the diffusing species. The
diffusion coefficient in this model is


1
2
(3.27)
D = cs τ − δt .
2
Again, the relaxation time can take values between 0.5 < τ < ∞. .
Boundary conditions
The principle difficulty in treating the boundary conditions is the same as for the NavierStokes solver. Sources and sinks for the diffusing species are simulated with concentration
or flux boundaries. One also may be interested in simulating global or local decaying processes of the diffusing species, for example, if one is interested in reacting systems. Finally,
on passive solid surfaces a no-flux boundary is needed. In this work, generalised boundary
conditions are used as described by Zhang et al. which can represent the general boundary
condition [115]:
b1 ∇c · n|rw + b2 c = b3 .
(3.28)
n denotes the surface normal vector, and rw the position of the boundary. These definitions
are shown in Figure 3.3. The idea is to define a fictitious wall concentration cw,i on the
boundary node, which is defined for each channel. Its value is chosen by linear extrapolation
so that the boundary condition is maintained. The velocity distribution functions f⃗i streamed
in the simulation domain from outside the wall are then
f⃗i (r f ,t + δt) = f + (r f ,t) + 2ωi cw,i .

(3.29)

f + (r f ,t) denotes the velocity distribution that was streamed in the wall from the fluid node.
For a concentration boundary condition, the wall concentration cw,i is the concentration
on the boundary. For other types of boundary condition, the concentration gradient at the
boundary is computed using the following finite-difference scheme:
∇c · n|rw =

c f − cw,i
.
−0.5(n · ci )δ x

(3.30)
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Here, c f is the concentration on the fluid node next to the wall node. Please note that the
factor 0.5 comes from the fact that the flux is evaluated half-way between the fluid and the
boundary node. Inserting the finite difference in Equation 3.28 leads to
cw,i =

c f + 1/2δ x(n · ci )b3 /b1
.
1 + 1/2δ x(n · ci )b2 /b1

(3.31)

For no-flux boundary conditions on solid surfaces, one has b2 = b3 = 0 and, thus, cw,i = c f .
During the verification of the code, it was shown that for τ = 1, these boundary conditions work very well. For τ ̸= 1, deviations were observed. For steady state simulations,
errors of the order of 10 % were found. The test for a non-steady state, as shown below, has
revealed that these boundary conditions are not mass conserving.

3.4.4

Conversion between the lattice and the real world

In lattice Boltzmann, all lengths are discretised by the lattice spacing δ x and time is discretised as time steps δt. These define via relaxation time τ the viscosity of the lattice fluid, as
seen in Equation 3.23. A more detailed discussion is given in Succi’s book [103].

3.4.5

Implementation

The lattice Boltzmann schemes used in this work were implemented in C. Their performance
using only a single CPU core was optimised using the the recipes suggested by Wellein et
al. and Zeiser [124, 125]. These include, among others, the rolling out of short loops and
adjusting the looping through the arrays to archive cache coherence.
The permeability scheme was implemented using the message passing interface (MPI)
library. MPI allows communication between different processes on the same system and is
a standard programming tool for parallel programming. Efficient parallelisation of lattice
Boltzmann code is a research topic on its own [125]. The parallelisation programmed by
this author splits the domain along one spatial dimension and uses the ghost node technique
[126].

3.4.6

Verification

Verification of the permeability code
The permeability code was verified in two stages. In the first stage, its ability to successfully
predict the permeability of a laminar flow through a cubic channel was confirmed. Cubaud
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et al. give an analytical result for Poiseuille-like flow through through a square channel with
height h:
h2
q=−
(∇p) − ρg) .
(3.32)
Aµ

ij


D

ji

 
D

A = 28.43 is a geometric constant [127]. On a cubic lattice, a square channel aligned with
the lattice has smooth walls. To estimate the effect of rough walls on the lattice Boltzmann
results, simulations in channels aligned with and rotated towards the underlying lattice by
45° were compared. The rotated channel was omitted for the second generation of code.
The geometry is shown
in LFigure R3.4. In the second verification step, the permeability of an
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Fig. 3.4 Left: illustration of the square channel geometry used to verify the lattice Boltzmann
code. The inlet and outlet of the channel had periodic boundary conditions. Centre and right:
smoothed velocity fields along a cross section through the channel with 20 (rotated) and 4
lattice nodes height.

Fig. 3.5 Left: 2D illustration of the periodic cubic arrays of spheres used to verify the lattice
Boltzmann code. The length of the dotted line is the box size. Right: 3D example flow field
for a solid volume fraction of about 0.8.
.
infinite cubic array of spheres is calculated for different sphere radii, allowing one to tune
the solid volume fraction. This procedure was proposed by Zalzale and McDonald [128].
An example of this geometry is shown in Figure 3.5. analytical results for the permeability
of these arrays were given by Larson and Higdon [129]. If one maps a sphere on a lattice
with finite-sized voxels, the volume of the sphere on the lattice will be slightly different to
the actual volume of the sphere due to discretisation effects. This was taken into account
when the lattice Boltzmann results were compared against the results of Larson and Higdon
by linearly interpolating the latter to the exact volume fractions of the sphere on the lattice.
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The two situations resemble well the two main geometries under consideration in this
thesis: the square channel is similar to the sheets studied in Chapter 59 and 6, whilst the cubic
NonLinearFit1
array is a special case of the particle packings considered in Chapter
3.
Dataset: Table1_9
Function: a0*x^n
The results for flow through a square channel aligned withChi^2/doF
the lattice
is shown in Figure
= 1.896e-02
R^2 = 0.98
3.6. For channel widths of one and two lattice nodes, the errora0is= 1.904e-01
about 15
%. For a channel
+/- 3.742e-02
n = -2 (constant)
width of four it is about 7 %. The error decreases approximately as 2nd order in space,
similar to Sengupta’s et al. results who forced the flow by a body force [130].
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Fig. 3.6 Error of the lattice Boltzmann simulation of flow in a square channel carried out
with the second generation permeability scheme. The dashed line indicates a second order
decay.
In Figure 3.7, the error of the lattice Boltzmann permeability predictions of a cubic array
of spheres against the literature value is shown. The error is plotted against the size of the
cubic lattices’ elementary cell. The maximum error reported for a box size of only eight
is about 38 %. Box sizes between eight and twenty were sampled in great detail, and the
error decreases considerably to less than 10 % for all cases investigated for a box size of
twenty. Within the detailed region, strong fluctuations in the accuracy are observed. These
fluctuations are probably due to discretisation effects of the sphere, leading to a slightly
different-shaped form for each structure with a set box-size and specified volume fraction.
Verification of the diffusivity code
Initial tests for the diffusivity code were run for diffusion in a small channel, similar to
the one carried out for the permeability code (see Section 3.4). Concentration boundary
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Fig. 3.7 In this Figure, the error of lattice Boltzmann simulations for cubic array of spheres
to the result of Larson and Higdon is plotted versus the size of the simulation box [129].

conditions were used at the inlet and the outlet of the channel. This procedure is equivalent
to the channel flow employed for the Navier-Stokes solver. Even for channel heights as
small as just two lattice nodes, a broad range of relaxation times led to the recovery of the
correct diffusion coefficient.
As a second method of verification, a more ambitious problem was chosen. Berezhkovskii et al. studied a trapping problem in the geometry shown in Figure 3.8. It consists
of two connected pipes radii R1 and R2 , with R1 > R2 . The diffusion coefficients in the
segments are labelled D1 and D2 , correspondingly, τ1 and τ2 denote the relaxation times
for the lattice Boltzmann algorithm in the pipe segments. The wider end is sealed and the
second pipe is terminated by a particle sink. At t = 0, a tracer is only present at the wall
to one end of the pipe, which is closed. As time progresses, the tracer diffuses through the
pipe and escapes through the open end. This can be described by the lifetime T of the tracer
within the system, which is defined as
R ∞ dm
t (t)dt
T = R0 ∞ dt
,
0

m(t)dt

(3.33)

where m(t) is the overall amount of tracer in the domain at time t. The analytical solution

2R2

2R1

3.4 Characterisation of transport properties of random structures

49

BC: c(L=L1+L2,t) = 0

IC: c(L=0, t=0) = c0

L1

L2

Fig. 3.8 Upper diagram: sketch of the geometry used for the verification of the diffusion
code. Red: initial condition c(L = 0,t = 0) = c0 . Green: c(L1 + L2 ,t) = 0 boundary condition. Black: no-flux boundary condition. Below: translation of the geometry into a lattice.
In contrast to the analytical description, the initial condition has a finite width, which leads
to errors when the total length becomes very small.

given by Berezkhovskii reads
L22
L12
L2V1
V1
+
+
+
T=
2D1 4R2 D1 f (ν) πR2 D2 2D2

(3.34)

The term Vi = πR2i Li is the volume of segment i, and f (ν) is a boundary homogenisation
factor depending on the ratio between the radii ν, as defined in their manuscript [131].
In Figure 3.9 two example lifetime spectra are shown. The spectrum for τ ̸= 1 shows
that the boundary conditions are not mass conserving. This leads to errors in the lifetime of
factors between 0.5 and 3, for the values of τ studied. It was decided to avoid the problem
by avoiding running simulations with τ ̸= 1. The good accuracy of the code for reasonably
sized systems was demonstrated by varying radii and pipe lengths. The results are shown
in Figure 3.10. If lengths were resolved by more than three lattice spacings, an error of less
than 10 % was observed.
As a second verification, the results of the diffusion code were directly compared against
a random walk algorithm developed by Churakov [132]. For simulations with τ = 1, the
error was generally less than 5 % for particle packings. The comparisons showed that for
τ ̸= 1 the errors were of a magnitude of 10 %, which suggests that the imperfect mass
conservation is not as drastic for steady state.
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Fig. 3.9 Lifetime spectra dm(t)
dt for two different runs. For τ = 1, the amount of the diffusing
species remains constant until the sink is reached. For τ2 = 2, mass is gained when the
diffusing species reaches the narrower part of the pipe. This is due to the finite difference
scheme for the boundary conditions, which is not exactly mass conserving.
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Fig. 3.10 Effects of the radial as well as axial resolution on the error towards the analytical
result. The base system had l1 = l2 = 10 δ x and R1 = R2 = 10 δ x. The relaxation times were
1 in both pipe segments.
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Conclusions

In this work, the backgrounds to the methods used in the thesis were given and the algorithms developed and verified by following largely literature examples. This procedure has
been completed largely successfully. For the diffusion algorithm, it was not successful to
implement mass conserving boundary conditions for τ ̸= 1 as no-flux boundary condition.
Whilst the error seemed to be within the acceptable range for steady state simulations, it
was not acceptable for non-steady state simulations. Thus, it was decided to calculate all
results presented in this thesis with τ = 1.

Chapter 4
Simple particle model for the transport
properties of C–S–H
Simple particle packings were studied as a transport model for the mesoscale of calcium-silicate-hydrate in cement. Particle packings of spherocylinders were generated using a relaxation algorithm. The transport properties and
scattering curves of these simple models were compared to experimental data
for cement paste. It was found that the transport properties of mature cement
paste cannot be explained using the particle models presented.

4.1

Introduction

Currently, 11 billion tons of concrete are produced annually [9]. Most of it is Portland
cement concrete, accounting for 5-8 % of mankind’s carbon dioxide emission. In these materials, Portland cements and its blends are the glue holding a matrix of aggregates together.
The need for understanding the long-term durability drives fundamental research into the
processes of concrete corrosion. All corrosive processes in concrete are connected to the
state of water in the material. Therefore, moisture transport in cementitious materials is an
important field of study [21].
Cement paste is made by mixing cement powder and water. Hardened cement paste
has three different pore systems, if voids from cracking during hardening are ignored: the
capillary pores (1 to 100 µm), gel pores (1 to 12 nm [4]) and the interlayer pore space (≈
1 nm). The last two types of pores are located within the calcium-silicate-hydrate phase, the
most important hydration product of Portland cement. It controls most of the properties of
the hardened material. It was proposed that the systems of small pores in calcium-silicate-
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hydrate control the transport properties of hardened cement paste if the capillary pore space
depercolates [2, 133].
The arrangement of solid within C–S–H on the meso scale, that is from 1 nm to 100 nm,
is the subject of an ongoing debate [22, 37, 38, 134]. It is dominated by two points of view:
in the sheet model, based on the work of Feldman and Sereda, C–S–H is described as a
disordered sheet structure. The interlayer space is the void space between aligned sheets,
and the gel pore spaces are defects in the sheet structure [5, 6]. The other school of thought
sees the hydrate as a colloidal aggregate of particles with an approximate diameter of 5 nm
[3]. In the most recent version of this model, the particles have an internal layered structure
which contains the interlayer pore space. The gel pore space is described as the space
between the particles [4]. A more thorough discussion can be found in Chapter 2.
In this chapter, the transport properties of the most simple model of colloidal particles
is investigated. This is a packing of monodisperse particles. Spherocylinders were chosen to be able to tune the solid volume fraction of the packing via the aspect ratio of the
particles. Transport properties refer to the effective diffusion coefficient and permeability
of the pure phase. In addition to transport properties, the scattering curve of the particle
packings is also calculated and compared against literature data for C–S–H. The reasoning
behind calculating a scattering curve for the model is the requirement of consistency: a
transport model cannot just explain the transport properties; it also has to agree with other
observations made on calcium-silicate-hydrate.
The chapter is organised as follows: in the next section, literature values for the transport
properties of calcium-silicate-hydrate in cement are reviewed. Subsequently, the simple
colloidal model is introduced. The procedures used to generate the particle model structures
and to compute the transport properties are presented in Section 4.2. After presenting the
results, the chapter concludes with a discussion.

4.1.1

Transport properties of C–S–H in cement paste

Transport properties in this chapter are defined as the effective (water) permeability of C–
S–H, denoted as k, and the effective water self-diffusion coefficient in the C–S–H structure,
denoted as De . This is also expressed as diffusivity De /D0 , where D0 denotes the diffusion
coefficient of bulk water, measured as 2.3 × 10−9 m2 s−1 by Mills et al. [135].
Neither value is directly accessible by experiment, since C–S–H in cement paste always
coexists with other phases. These are crystalline solids, which are likely to be impermeable,
and the capillary pores. Whilst synthetic C–S–H analogues have been used as model systems
to study the chemistry and water removal [27, 136, 137], it is not clear whether the pore
system in synthetic C–S–H is comparable to those in cement paste. The author of this thesis
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is not aware of any study investigating transport properties of synthetic C–S–H.
The fact that C–S–H in cement paste always coexists with other phases raises the problem of how transport properties of the model structures for C–S–H can be compared to
the measured transport properties, which are always given (except Powers’ value, Table
4.1: row 1) for cement or alite paste. The effect of the coexisting phases in cement paste
is estimated as follows: according to Muller et al. [40], the volume fraction of calciumsilicate-hydrate (solids, interlayer water and gel pore water) in almost completely hydrated
white cement paste at a water-to-cement ratio of 0.4 is about 60 %. Furthermore, approximately 10 % of the volume are larger voids, and roughly 30 % are supposedly impermeable
solids, such as unhydrated cement, crystalline portlandite and ettringite. The presence of
the larger voids is ignored for the moment. Assuming a simple model for the spatial distribution of solids, using the continuum percolation model of overlapping spheres [138, 139],
suggests a sample spanning cluster of C–S–H. This is because the C–S–H volume fractions
exceeds the percolation threshold for this model of approximately 28.5 %. Thus, one can
assume that transport in C–S–H is in parallel to transport through the other phases. Since
the C–S–H volume fraction of paste is about 60 %, the influence on the transport properties
is at most a factor of two, which is omitted in the subsequent discussion.
However, care must be taken since larger voids are present. At least for permeability,
their contribution is expected to be large due to their larger pore sizes. One can assume
again a continuum percolation model of overlapping spheres for the solid phases with the
10 % larger pores in between. The percolation threshold for these pores is a solid fraction
of about 96 % for this model [140]. This indicates that the large pores may still contribute
to the transport properties in such a system. The larger voids are of considerable size and
may dominate transport as long as they do not depercolate. Using a more detailed model
for cement paste, Zalzale et al. showed that the larger pore spaces indeed depercolate for
mature systems. Thus, only the lowest transport coefficients for the most mature samples
were taken as controlled by transport through C–S–H [133].
Transport data from literature is compiled in Tables 4.1 and 4.2. In both cases, a considerable spread of the transport coefficients obtained for different samples by different
investigators is apparent. If the permeability values provided in literature are considered,
a general trend that the older or more hydrated the samples are, the the lower the reported
value, is found. The lowest value is given by Powers, who gave C–S–H a permeability of
7 × 10−23 m2 . Only Cui et al. reported a lower value, which was the permeability of cement
paste as a whole. Other authors like Nyame et al. or Odler et al. reported values of at
least half a magnitude larger. In Chapter 2, it is discussed how the chemical composition
of C–S–H can vary between different samples, which could also affect the permeability.
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Therefore, it is reasonable to assume that the permeability of C–S–H varies over a considerable range. The permeability of C–S–H is therefore assumed to be in the order of 5 × 10−22
to 5 × 10−23 m2 .
Table 4.2 shows self-diffusion coefficients of tritiated water. The situation appears to
be similar to permeability data. The reported values show a large spread. The water selfdiffusion coefficient seems to decrease as the water-to-cement ratio decreases. Also, older
samples seem to have lower diffusivities. Some of the reported diffusion coefficients were
calculated allowing for the adsorption of the tracer on the surfaces in the sample. The lowest
diffusivities reported were obtained by Delagrave et al., being in a range from 3 × 10−4 to
4 × 10−3 . However, Tits et al. found a diffusivity almost 500-times larger than Delagrave et
al. for a sample of similar w/c-ratio and comparable age. In fact, the sample used by Tits
et al. is more mature, so one expects a lower value. The difference between both cases is
that Tits et al. analysed their experiment by taking surface adsorption into account, whilst
Delagrave et al. did not. Interestingly, Delagrave et al.’s results for w/c=0.45 agree with
those from Yamagouchi et al. for similar samples. It is difficult to decide which reported
diffusivities are to be believed. Since the majority of the diffusion coefficients is of order
2 × 10−12 m2 s−1 , it is assumed here than the diffusion coefficient of water in C–S–H is of
the same order of magnitude.

4.1.2

Building a model for the meso-structure of C–S–H

Powers suggested a particle size of about 5 nm for his colloidal model. The interstitial space
formed the gel pore space [2]. The more recent Jennings model keeps this idea, but the
particles have a fine internal structure containing interlayer pore space [4].
The popular Jennings model describes the structure as a hierarchical particle packing
with two different types of gel pore sizes: small gel pores between 1 nm to 3 nm in size
and large gel pores from 3 nm to 12 nm. Depending on which of these pores is taken into
account, the volume fraction of solids varies from 75 % (if only small gel pores are included)
towards 59 % (if large gel pores are included) [3, 4]. Muller et al. measured with 1 H-NMR
relaxometry a dominant pore system with a characteristic size of 2 nm, which has a solid
content of 53 % [40]. Different solid fractions for the gel pore system of C–S–H are also
summarised in Table 4.3
The proponents of the particle model [3, 18, 57] have speculated that the meso-structure
of C–S–H may form via a diffusion-limited aggregation mechanism. Recently, elaborate
models have proposed how such structures may form in the condition of a hydrating cement
system [81, 82]. In this work, details of the structure formation are neglected, and a simple
packing of monodisperse particles is used. Since some of the volume fractions listed in
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Table 4.1 Literature values for permeabilities of cement paste (if not stated otherwise) which
might be used to estimate the permeability of calcium silicate hydrate gels. Note also that
Power’s value (# 1) gives the permeability for pure C–S–H, not for cement paste. Notes:
Conv. denotes a conventional permeability test, BB a beam bending test, DP a dynamic
pressurisation test.
#
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28

w/c
n. a.
0.4
0.4
0.4
0.4
0.25

α [%]
n. a.
45
50
55
60

28
182
28
182
7
≈ 600
3
≈ 600
28?

0.36
0.23
0.47
0.3
0.4
0.5
0.45
0.5
0.6
0.3
0.4

0.4
0.4
0.4
0.4

Age [days]
n. a.

53
73.2
69
85
93

7
210
7
35
210
3
9
5
11

Permeab. [×10−18 m2 ]
6.9 × 10−5
0.85
0.15
0.025
4.3 × 10−3
0.038
3 × 10−3
0.025
0.01
0.08
3.7 × 10−4
500
7 × 10−4
3.25 × 10−4
3.31 × 10−3
7 × 10−3
0.63
0.776
6.38
2.66 × 10−3
<2.69 × 10−5
8.1 × 10−3
3.47 × 10−4
1.22 × 10−4
0.003-0.004
0.0003
0.005
0.0012

Source
Powers [2]
Halamickova
et al. [141]

Notes
C–S–H
Conv.

El-Dieb et al.
[142]

Conv.

Nyame et al.
[143]

Conv.

Odler et al.
[144]

Conv.
(alite)

Cui et al.
[145]

Conv.

Vadakan et al.
[100]
Grasley et al.
[146]

BB
DP
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Table 4.2 Diffusion measurements reported for water tracers in cement paste. Notes: T
denotes a tritiated water test, +cap denotes if the surface adsorption of the tracer was taken
into account.
#
0
1
2
3
4
5
6

w/c
1/3
0.25
0.45
0.45
0.6
0.4
0.55

α [%]

100
100

Age [days]
180
90
90
50
50
28
28

De [m2 s−1 ]
2.85 × 10−10
6.9 × 10−13
9.83 × 10−12
1.5 × 10−11
4.6 × 10−11
5.1 × 10−11
3.8 × 10−11

De /D0
0.12
3 × 10−4
0.0043
0.0065
0.02
0.022
0.017

Source
Tits et al. [147]
Delagrave et al.
[148]
Yamagouchi et al.
[149]
Numata et al.
[150]

Notes
T+cap
T
T
T
T
T+cap
T+cap

Table 4.3 Compilation of different solid fractions of C–S–H models and measured taken
from literature.
Source
Jennings 2000 [3]

Jennings 2008 [4]
Muller et al. [67]

Comment
LD-C–S–H
HD-C–S–H
vicinity of globule
•
"greater scale"
"including LGP"
NMR

Solid fraction ϕ %
72
87
75
70
64
59
53

Associated length scale
5 nm
8 nm

4.3 nm (pore height)
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Table 4.3 exceed the random-close packing limit of spheres, packings of spherocylinders
were used instead. This decision was made since their packing density can be tuned via
the aspect ratio to sample the proposed packing densities. It is assumed for this chapter
that the transport properties through a particle packing depend primarily on the particle size
and the solid fraction, and less on the details of the packing. Furthermore, it is assumed
that the interlayer space does not contribute to the transport properties. The effect of these
simplifications on the transport properties are discussed at the end of this chapter.

4.2
4.2.1

Methods
Spherocylinder packing

A spherocylinder is a cylinder capped with two half-spheres, as illustrated in Figure 4.1.
Its radius is denoted as R, and its length (excluding the spherical cap) L. Both metrics are
L
joined into the aspect ratio w = 2R
. Literature reports a range of different packing algorithms
for spherocylinders. These are, for example, based on Monte Carlo methods [151] or the
mechanical contraction method [152]. In this work, a relaxation algorithm similar to Zhao’s
et al. was implemented to obtain disordered close packings [153] . The algorithm can be
described as follows: the computational domain is initialised by filling it with particles. At
this time, the particles are allowed to overlap. Thus the effective solid volume fraction ϕ is
in excess of unity.

R

L

Dij  Dji

R
Cij


ri

L

R

R


Cji

Mji
Mij

rj
Mij  Dij Cij
Dij  Dji  ij   ji

Fig. 4.1 Left: Definition of a spherocylinder. It consists of a cylindrical body with length L
and is capped with two half-spheres with radius R. Its overall length is 2R + L. The aspect
L
ratio for spherocylinders is defined as w = 2R
. Thus, w = 0 corresponds to a sphere. Right:
Example collision of two spherocylinders and definition of all relevant vectors. Cij is the
contact point vector for particle i in the collision with j, Dij the force acting on i, Mij the
torque i suffers. The cylinders have the length L and Radius R.
The overlaps are relaxed by assuming that every overlap yields a force, oriented to reduce the overlap. Since spherocylinders are anisotropic, the force imposes a translational
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and rotational movement on each particle. In each iteration, this procedure reduces the particle overlap and the packing expands. In the sections below, the necessary computations
are described in detail.
Particle overlap
The particles are represented by their position ri and their orientation Oi . The orientation
vector is normalised to the half-length of the particle, |Oi | ≡ 12 L. The particle’s radius is
denoted by R. The overlap between two particles i and j is defined as
δi j = 2R − dmin .

(4.1)

dmin is the minimal distance between the lines connecting the centres of the half-sphere
caps. In Figure 4.1 one can see that the overlap is positive if the particles do overlap and
is negative if they do not. Here, a negative overlap is not considered and set to zero1 . As a
control parameter to evaluate the progress of the algorithm, a mean overlap is defined as
δ=

As soon as δ ≤

1
100 R,

1 N,N
δi j .
N i̸∑
=j

(4.2)

the packing is considered relaxed.

Inter-particle forces
In order to reduce δi j , the force has to act along the vector Di j between the closest points,
Cij and Cji . The magnitude of the separating force is given by the overlap: Dij = δi j .
In order to find the overlap between two spherocylinders, the directions of the forces and
their contact points, the backbones of the spherocylinders are described as two parametric
lines:
Pi (si ) = ri + si Oi ,

(4.3)

Pj (s j ) = rj + s j Oj ,

(4.4)

|si |, |s j | ≤ 1.

(4.5)

The last condition given in Equation 4.5 ensures that only points on the backbone of the
spherocylinder are included. The closest point is Cij = Pi (sci j ), where sci j is the parameter
1 If

a negative overlap were allowed, it would cause an attractive force between the particles. This was
explored but has always resulted in stability problems.
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value for the closest points between i and j in i. It is worth noting that the geometric
properties of the spherocylinders are included at two different points. Whilst the radius is
included by the definition of the overlap in Equation 4.2, their length is included when the
distance between two of them is calculated.

For the first step, Condition 4.5 is ignored. The problem reduces to the distance and the
closest point of two lines in space. sci j and sc ji can be found by solving the linear equations
Dij · Oi ≡ 0,

(4.6)

Dji · Oj ≡ 0,

(4.7)

where Dij = Cij − Cji . This leads to two values for sci j and sc ji . Now, Condition 4.5 is
imposed. If sci j and sc ji are within ±1, the corresponding point on the spherocylinders
backbone is calculated using Equations 4.3 and 4.4. If sci j or sc ji exceeds ±1, they are set
accordingly either to 1 or to −1. The problem reduces then to the closest distance between
a point and a line in space, which can be found by solving
Dij · Oi ≡ 0.

(4.8)

with either sci j or sc ji set. With these known, the direction of the force is
Dij = Cij − Cji = Pi (sci j ) − Pj (sci j ) = −Dji .

(4.9)

The magnitude of the force is normalised by the overlap, Dij = Dji = δi j . This removes
the overlap completely.

As indicated in Figure 4.1, two relaxation modes are available for anisotropic particles:
rotation and translation. Each overlap results in a displacement Dij and a torque Mij =
Cij × Dij . The translational and the rotational displacement are obtained by summing over
all overlaps between particles:
Di = α ∑ Dij ,

(4.10)

Mi = β ∑ Mij .

(4.11)

j

j

The parameters α and β can, in principle, be freely chosen. Their choice affects the resulting
packing densities.
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Update of Positions
The update of the particle positions is proportional to the restoring force in each iteration.
Accordingly, for the change in the particle’s position one uses
1
∆ri = Di .
2

(4.12)

The angular displacement θ around the axis M̂i is
θ=

1
|Mi |
2

(4.13)

To rotate the orientation vector Oi around M̂i , the appropriate rotation matrix is needed.
This can be found by the method of quaternions [154]. They are an extension of the complex
number system and can be efficiently used to describe rotation in space [154]. The rotation
is represented by a four dimensional vector q̂ = [q1 , q2 , q3 , q4 ]T , whose components are:
q1 = M̂1 sin(θi /2),

(4.14)

q2 = M̂2 sin(θi /2),

(4.15)

q3 = M̂3 sin(θi /2),

(4.16)

q4 = cos(θ /2).

(4.17)

Knowing the quaternions, the Euclidean rotation matrix R(q̂) is given as [154]:



q20 + q21 − q22 − q23 2q1 q2 − 2q0 q3
2q1 q3 + 2q0 q2


R(q̂) =  2q1 q2 + 2q0 q3 q20 − q21 + q22 − q23 2q2 q3 − 2q0 q1 
2q1 q3 − 2q0 q2
2q2 q3 + 2q0 q1 q20 − q21 − q22 − q23

(4.18)

Then, the new orientation Oi ′ is given by
O′i = R(q̂)Oi .

(4.19)

These are the underlying ideas of the particle packing algorithm used to generate the structures used in this chapter.
Algorithm
The following pseudo-code illustrates the algorithm based on the algebra presented above:
double **r; //position vector for all particles

4.2 Methods
double **M; //angular momenta for iteration
double **D; //force for iteration
double Delta; //average overlap
Collide(i,j)
{
Compute s1 and s2 for the two line problem
if(abs(s1)>Length)
{
s1 = sign(s1)*Length;
s2 = Compute s2 for the line and point problem
if(abs(s2)>Length
s2 = sign(s2)*Length;
}
if(abs(s2)>Length)
analogue to s1;
Compute Pi(scij) and Pj(scji);
Compute Dij=-Dji via Pi(scij)-Pj(scji);
Compute Overlap;
Delta+=Overlap;
Compute Mij, Mji;
}
OneIteration()
{
EraseIterationVariables(); //M,D,Delta
Compute forces and angular momenta
for(i=0; i<NumberOfParticles; i++)
for(j=i; j<NumberOfParticles; i++)
Collide(i,j);
for(i=0; i<NumberOfParticles; i++)
Update(i);
if(Delta<Threshold)
Terminate();
}
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The method OneIteration() is repeatedly executed until the δ̄ < 1/100R. The packing
used for the simulations in this chapter were made using the parameters α = 0.085 and
β = 0.14.

4.2.2

Computation of transport properties

Lattice Boltzmann schemes were used to calculate the permeability and diffusivity of the
resultant particle packings. The spherocylinder radius was discretised as 20 δ x, where δ x
denotes a lattice unit. From the centre of each particle packing, a block measuring 3003 δ x3
was cut. The walls x- and y-direction of the packings were sealed with solid walls, and a
pressure/concentration gradient was applied in the z-direction. The permeability and diffusivity schemes described in Chapter 3 were used to calculate the transport properties of the
packing.
The computed diffusivities are intrinsically non-dimensional and represent a scale-invariant property of the particle packings. The permeabilities were non-dimensionalised by
the equivalent radii re of the particles, which are defined as

1/3
3
re = 1 + w
R,
2

(4.20)

L
where R denotes the radius of the spherocylinders, and w = 2R
is the particles aspect ratio.
The equivalent radius of a particle is the radius of a sphere with the same volume. The
permeabilities were then computed by assuming that the equivalent radius of the particles is
re = 2.5 nm, as suggested by various particle packing models [2–4].

4.2.3

Scattering curve prediction

The scattering curves were computed using the Schmidt-Rohr method [97], which is also
described in Chapter 3. The same lattice representations of packings were used as were used
to characterise the transport properties.

4.3
4.3.1

Results
Spherocylinder Packings

Particle packings were generated with aspect ratios w ranging from 0 to 7.5. The resulting
maximum solid volume fraction ϕ varied strongly as a function of the aspect ratio, as shown
in Figure 4.2. The maximum packing fraction can be obtained for slight perturbations from
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the sphere, from aspect ratios of approximately 0.5 to 1.5. For the case of spheres (w = 0)
the solid fraction is approximately 62 %, close to the random packing limit. For higher
values of w, the maximum solid volume fraction decreases with increasing aspect ratio.

Jennings: 8 nm scale

Solid volume fraction φ

0.7

Jennings: "including LGP"
0.6

LD-C-SH

0.5

Jennings: "greater
length scale"

0.4

NMR from Muller et al.

0.3
0.2
0

2

4

6

8

Aspect ratio w

Fig. 4.2 Solid volume fractions of spherocylinders at different aspect ratios obtained with
the packing algorithm. The weighting parameters were α = 0.085 and β = 0.14.
The curve agrees qualitatively with various literature reports [152, 153, 155, 156]. The
detailed shape of the curve is, however, different. Literature data exhibits a relatively sharp
peak with a packing fraction of about 0.72 around an aspect ratio of 0.5. This is followed
by a much more uniform decrease of the packing density. The author of this thesis did
not conduct detailed investigations into the origin of this discrepancy, since the details of
the particle packing did not appear relevant. One may speculate that the chosen weighting parameters for the two relaxation mechanisms favour particle alignment, since β > α.
Relaxation by rotation of particles favours alignment, since it reduces the overlap.
Figure 4.2 also shows markers indicating the solid volume fractions proposed for different C–S–H particle models (see Table 4.3). These particle packings were chosen as model
structures for C–S–H, to investigate the transport properties.

4.3.2

Scattering pattern of spherocylinder packings

The small-angle scattering curves were calculated for those spherocylinder packings matching the solid volume fractions proposed for different C–S–H densities. The results are shown
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in Figure 4.3. Literature small-angle scattering data for C–S–H is shown in Figure 2.8 in
Chapter 2.

2·1014

w=0
w=0.5
w=1.0
w=1.5
w=2.0
w=2.5
w=3.0
w=3.1
w=4
w=4.3

Intensity [a. u.]

Intensity [a. u.]

3·1014

1

1014

2
2
2
2
2
2
2
2
2
2
2

10

q-vector [nm-1]

10

20

30

-1

q-vector [nm ]

Fig. 4.3 Linear-Linear plot of spherocylinders scattering pattern; the inset shows a doublelogarithmic plot. The lin-lin scale was chosen to visualise the dominating spatial frequencies
and the log-log plot to emphasis the Form factor and the flattening out of the curve beyond
the peak.
For large q, the curves exhibit a Porod regime with the fringes typical of the form factor
of spherical particles [94]. The position of the fringes in the Porod regime is different for
the curves for particle packings with different aspect ratios. The curves exhibit peaks in the
low-q region at about 1.5 nm−1 . For w < 2.5, these are relatively sharp. As the aspect ratio
increases, the q-vector associated with the peak decreases. For aspect ratios of 3 and larger,
the peak becomes broader and its centre moves towards smaller values of q again. Beyond
this peak, all curves shown become flat.
The initial peak is due to the correlation between particle positions (and orientations)
and their next-neighbours. It is typical for the scattering curve of mono-disperse particle
packings [95]. As the aspect ratio increases, the peak shifts towards smaller q-vectors. This
is because the particle radii were all scaled by the corresponding equivalent radii. Thus, as
the aspect ratio of the particle increases, the radius of the spherocylinders decreases, as does
the centre-to-centre distance between next-neighbouring particles. The broadening of the
peak is probably due to geometrical frustration occurring in packings of large spherocylinders, preventing them from taking defined next-neighbouring positions.
Compared against the literature scattering curves of C–S–H, shown in Figure 2.8, the
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curves are very different. Literature data does not exhibit a correlation peak. Furthermore,
it exhibits two qx regimes in the low-q range [30]. The scattering curve obtained by a monodisperse particle packing cannot explain the scattering curve measured on cement paste.

4.3.3

Permeability of spherocylinder packings

The permeability of the spherocylinder model was calculated for various aspect ratios using
the lattice Boltzmann scheme. The results are plotted against the solid volume fraction (as
mapped on the lattice) in Figure 4.4.
2.0·10−20
NMR from Muller et al.

Permeability k [m2]

1.8·10−20
1.6·10−20

Jennings: "including LGP"

Jennings: "greater
length scale"

1.4·10−20
1.2·10−20

Jennings: 8 nm scale

1.0·10−20

LD-C-SH

8.0·10−21
6.0·10−21
4.0·10−21
0.55

0.6

0.65

0.7

0.75

Solid volume fraction (on lattice) φ

Fig. 4.4 Permeabilities calculated for selected generated particle packings, assuming an effective particle radius of 5 nm. Particle packings with the same density as particle models
proposed in literature are labelled. See also Table 4.3.
The permeabilities of the packings, assuming a 2.5 nm equivalent radius, vary between
2 × 10−20 and 5 × 10−21 m2 . They are plotted against the effective solid fraction in Figure
4.4. The permeability of the packings depends strongly on the solid volume fraction between
0.55 and 0.65, where it changes almost over one order of magnitude. For solid volume fractions greater than 0.65, the permeability remains approximately constant at 6 × 10−21 m2 .
This is likely to be an effect of the rescaling of the particle diameters.
The permeabilities for those particle packings with the same solid volume fractions as
the particle models from the literature are marked. The permeabilities associated with these
models span over half an order of magnitude. Nevertheless, all permeabilities obtained are
at least two orders of magnitude larger than the lowest permeabilities measured on cement
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paste. This makes it extremely unlikely that the the simple particle packing model can
explain the low permeabilities reported for C–S–H.

4.3.4

Diffusivity of spherocylinder packing

The effective diffusion coefficients within the particle packings were calculated. The resultant self-diffusion coefficients for water are plotted in Figure 4.5 against the solid volume
fraction as mapped on the lattice.

Water self-diffusion coefficient De
[m2/s]

6.0·10−10
5.5·10−10

NMR from Muller et al.

Jennings: "including LGP"

5.0·10−10
4.5·10

Jennings: "greater
length scale"

−10

Jennings: 8 nm scale

4.0·10−10

LD-C-SH

3.5·10−10
3.0·10−10
2.5·10−10
2.0·10−10
0.55

0.60

0.65

0.70

0.75

Solid volume fraction (on lattice) φ

Fig. 4.5 Water self-diffusion coefficient in spherocylinder packings of different thickness.
The labels indicate particle models for C–S–H with approximately the same packing density.
Like the permeability, the water self-diffusion coefficient is strongly dependent on the
solid volume fraction. In the range between 0.55 and 0.67, the water self-diffusion coefficient seems to depend almost linearly on ϕ, and remains approximately constant beyond
that point. This is probably caused by mutually compensating effects from the changing
particle form and the increase in solid fraction.
The values for the water self-diffusion coefficients range from about 2.5 × 10−10 to
6.4 × 10−10 m2 s−1 . If these values are compared against the literature data for C–S–H,
a similar picture emerges as before for the permeability. The lowest diffusion coefficients
found by this method for the spherocylinder particle packings are two orders of magnitude
higher than the lowest experimental values reported in Table 4.2, and at least one order of
magnitude below most reported values. The conclusion here is similar as for the permeabil-
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ity: simple particle packing models cannot account for the transport properties likely to be
attributed to C–S–H in cement paste.

4.4

Discussion

In this chapter, a simple particle model for the meso-structure of C–S–H was constructed,
using spherocylinders with an equivalent radius of 2.5 nm. For different packing densities,
proposed by different literature sources, the transport properties and scattering curves of
the packings were calculated and compared to literature data. Despite the large spread
within the transport data for mature cement paste, poor agreement was found. Most notably,
both the water self-diffusion coefficient and the permeability are higher than "reasonable
literature values" by at least two orders of magnitude.
A detailed examination of the modern particle models, as reviewed in Chapter 2, suggests a simple explanation for these discrepancies - the proposed model is an oversimplification of Jennings’ model. Jennings’ particle model proposes a hierarchical packing of
particles, which is more likely to have a scattering curve with the power-laws in the low-q
region. Including hierarchical levels in a packing decreases the solid volume fraction and
increases the pore size. If all pores, which are in C–S–H according to Jennings’ model are
included, the solid volume fraction is at the lower end of the packings investigated here.
This means a more realistic model would be at the lower end of the solid fractions investigated here, and, therefore, be characterised by higher permeabilities and diffusivities. The
current model also ignores the contribution of any interlayer pore space - effectively transport through the particles. This would increase the transport properties relative to those
computed. Thus, if one assumes bulk hydrodynamics and a bulk water diffusion coefficient
in the pore space between the particles, the conclusion is that a particle model for C–S–H
cannot explain the low permeabilities reported for cement paste.
What happens if bulk hydrodynamics and diffusion coefficients cannot be applied within
the pores space? The pores between particles of diameter 5 nm are of the same order of
magnitude, and the interlayer pore space is even smaller, about 1 nm. Thus, one can raise
the question as to whether the Navier-Stokes equation for continuum mechanics with no-slip
boundary conditions on solid surface is valid in the gel pores of cement, or, equally, whether
water in these pores actually has the same self-diffusion coefficient as bulk water.
It is well-known that the self-similarity of fluid dynamics over different length scales
breaks down under certain conditions, for example, when the mean-free path of fluid molecules becomes comparable to the length scale of the problem. This "simple rule" applies for
gases. Here, water in a liquid-like state is considered.
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The problem is reviewed by Karniadakis et al. [101]. Bitsanis et al. investigated flow of
Lennard-Jones (LJ) fluids in small channels. They concluded that deviations from continuum behaviour remain small as long as the channel is larger than ten times the diameter of
a fluid molecule. In the case of water, this is about 3 nm. However, their simulations indicated an increase of the effective viscosity by a factor of 12, if the pore diameter becomes
about 3 times the fluid molecule diameter. Similar data was shown for diffusion, whereby
the diffusion coefficient LJ-fluid decreased by a factor of four in the same range [157].
Rotenberg et al. [158] investigated the dynamics of aqueous solutions in clays, a system similar to cement in characteristic lengths and chemistry, using molecular dynamics. In
channels with a width of merely two nanometres, they found that the diffusion coefficient
parallel to the confining wall decreased relative to the bulk value by a factor of two. Botan et
al. [159] investigated hydrodynamics in clay nano pores using Grand-Canonical molecular
dynamics. They concluded that for pore widths larger than 3 nm, macroscopic hydrodynamics with slip boundary conditions at the wall describe the hydrodynamics reasonably well.
In 4.5 nm pores, the deviation from Poiseulle flow was about 30 %.
The pores between C–S–H particles were measured by Muller et al. as 4.5 nm. They
are probably slightly smaller if one assumes a dense particle packing of diameter 5 nm.
Therefore, it is likely that macroscopic hydrodynamics cannot completely describe the fluid
behaviour within the gel pores of C–S–H. The brief literature review above, however, also
indicates that those deviations are an order of a magnitude at most, more likely half that
value. Thus, these deviations cannot explain the difference between the simulated values
for the particle packing and literature-found transport properties for C–S–H.

4.5

Conclusion

A highly simplified colloidal model was tested as a transport model for flow and diffusivity
through the calcium-silicate-hydrate found in hydrated cement paste. The simple proposed
model led to transport coefficients exceeding literature estimates by at least a factor of 100.
Any attempt to modify the structure to be closer to Jennings’ model is likely to increase the
transport coefficients. The potential effects of the small pore sizes were discussed. These
may or may not play a role but are not sufficient to explain the discrepancy. It is unlikely
that any of these effects depresses the viscosity of the pore fluid by more than a factor of
100. It is clear that a better understanding of the structure as well as the water dynamics in
C–S–H is needed. The results presented here make a strong point against the validity of a
colloidal model.

Chapter 5
Filling of three-dimensional space by
two-dimensional growing sheets
Models of three-dimensional space filling based on growth of two-dimensional sheets are proposed. Beginning from planar Eden-style growth of sheets,
additional growth modes are introduced. These allow the sheets to form layered
or disordered structures. These mechanisms can also be combined. A new kinetic Monte-Carlo-based computer model was developed to study the kinetics
of these new models and the resultant structures. For the first time, it was possible to study space filling by two-dimensional growth in a three-dimensional
domain with arbitrarily oriented sheets; the results agree with previously published models where the sheets were only able to grow in a limited set of directions. The introduction of a bifurcation mechanism gives rise to complex
disordered structures that may be interesting as model structures for the mesostructure of calcium-silicate-hydrate in hardened cement paste.

5.1

Introduction

In this chapter, growth of two-dimensional sheets and the resultant filling of three-dimensional space is studied. The author’s primary interests can be summarised into three
questions:
1. How is space filled by two-dimensional growth processes?
2. How can two-dimensional growth sample three-dimensional space?
3. How can the amount of disorder be controlled in these structures?
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These questions arise from the author’s thoughts about the meso-structure of calcium-silicate-hydrate in cement paste, which is a material of overwhelming economic and environmental impact. Quasi-continuous sheet structures have been proposed as a model for C–S–H
by different authors [5, 7, 8]. Despite the recognised importance of the meso-structure of C–
S–H, quasi-continuous sheet structures have never been explored with a numerical model.
The problem of space filling by sheets or other anisotropic growth processes is of wider interest, as it will be discussed below. In this chapter, the problem of space-filling by growing
sheet structures is investigated on an abstract level, putting the focus on the kinetics and the
structure.
In this thesis, the word growth is used to describe the evolution of an object from a single
nucleus. The object is referred to as a cluster. The simplest growth model conceivable is
an D-dimensional sphere, growing radially in time. A range of different growth models
has been proposed for a variety of applications. The Eden process, forming the base of the
modelling presented here, was conceived to model cell growth on a Petri dish [160]. Variants
of the model have been used for the growth of tumour cells [161] and polymer crystals [23].
The Witten-Sander model (diffusion limited aggregation, DLA) and the Vold-Sutherland
model (ballistic deposition) describe the aggregation of sticky particles [162, 163].
Space filling refers to the process of space being filled by structures growing from one or
multiple nuclei. It can be seen as a competition between different clusters for space. The first
space filling models were developed by metallurgists to understand phase transformation
kinetics in metals [164, 165]. Analytical and numerical space filling models have been
applied to problems in space filling, including metals [90, 166], polymers [167], and cement
(on paste length scale) [46–48].
The growth of sheets is described via a two-dimensional Eden model [160]. Additional
mechanisms, which occur infrequently, are introduced. These allow the sheets to sample
three-dimensional space. Some of these mechanisms allow parts of the growing sheet to
change its direction. The proposed extensions of the Eden model lead to at least three
new growth models. The kinetic properties of these extended Eden growth models are
investigated and the morphologies of the grown clusters discussed. In a second step, spacefilling by clusters emerging from the growth models is studied in a continuous nucleation
scenario. The evolution of the model was simulated using a new algorithm.
The remainder of this chapter is organised as follows: in Section 5.2.1, the properties of
the Eden model are briefly reviewed and some of the metrics introduced to characterise the
properties of the grown cluster. Subsequently in Section 5.2.2, the model of Kolmogorov,
Johnson, Mehl and Avrami (KJMA) is introduced and the problem of anisotropic growth is
discussed. The Avrami plot, a quantitative analysis method for kinetics of space filling, is
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also introduced. The modelling presented in this work is based on a set of seven key ideas
(Section 5.3.1). These can be combined to create different growth and space filling models,
which are presented in Section 5.3.2. The new kinetic Monte Carlo scheme used to study
the kinetics of the models is the topic of Section 5.4.1. In Section 5.5, the kinetic properties
of the models are analysed and the grown structures discussed.
The ideas presented in this chapter have been used to develop a cavity filling sheet
model to describe the formation of calcium-silicate-hydrate in an environment resembling a
(capillary) pore in hydrating cement paste. The properties of the structure were calculated
and compared against experimental results on cement paste [168]. This is discussed in
Chapter 6.

5.2
5.2.1

Background
The Eden model and its properties

The most simple models of growth are simple geometric shapes whose characteristic length
r (for example, the radius of a sphere) increases with time. These have been used to describe growth in space-filling models such as the Kolmogorov-Johnson-Mehl-Avrami equation (see next section). With the appearance of computers came stochastic growth models.
One of the first of these growth model was the Eden model [160], which is the base for the
work described here.
The structure arising from a growth model is called a cluster. The clusters grown are
typically characterised by their dimensionality, D. The clusters discussed in this chapter
are always discretised. Each discrete element is referred to as a site, to achieve consistency
in language to the literature concerning lattice-based growth models. If the structure is
compact and hole-free, the number of sites within the cluster scales as N ∼ rD , where r
is a characteristic length of the structure, such as the radius of a circle. Correspondingly,
the number of surface sites S scales as S ∼ rD−1q
. For open structures, the concept of the

M−1
(ri − r̄)2 . Using the Hausdorffradius is replaced by the radius of gyration, rg = M1 ∑i=0
dimension, DH , analogous to the dimensionality, the number of cluster sites scales as N ∼
rgDH [163].

The original Eden model was developed on a two-dimensional rectangular lattice [160].
However, versions on other lattices, for example, honeycomb or triangular lattices [90, 161],
have been developed. Jullien and Botet identify three variants of the Eden model [169]: In
the original Eden model, a random bond between an unoccupied and an occupied lattice
site is chosen and the unoccupied lattice site occupied. This version is called Eden B and
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is used in this work. In the Eden A model, all those sites adjacent to the surface of a
lattice are picked with equal probability, which leads to a rougher cluster surface. In the
Eden C model, a random occupied site at the surface is chosen. The growth site is then
any of its empty neighbouring sites, chosen with equal probability. This leads to relatively
smooth surfaces, due to the enhanced probability of choosing unoccupied surface sites with
many occupied neighbours. Other variants of the Eden model include the introduction of
a noise reduction parameter to alter the kinetic behaviour of the cluster and the cluster
morphology [170]. Eden models have been also been combined with diffusion-limitedaggregation models [171].
The Eden model appeals through its simplicity. Crystal growth can be imagined as the
sites in a crystal lattice being randomly occupied by material coming from solution [23], or
by randomly adding an elementary cell to the crystal lattice. This is why it was chosen for
this work. In fact, the author of this thesis chose the Eden model as the base for this work
intuitively without even being aware it has been a widely studied process, which was only
later pointed out to him.
The properties of the Eden models have received considerable attention. Numerical
(1−1/D)
studies have shown that the perimeter, SE of the Eden cluster scales as SE ∼ NE
for
large clusters in two and three dimensions, where the dimensionality is denoted as D and
NE is the number of growth sites in an Eden cluster [163]. However, for small clusters
deviations were reported [172]. Leyvraz showed that the surface of the cluster scales as
(1−1/D)
SE ∼ NE
for this class of models [173]. A time scale can be introduced to the Eden
model by defining growth probabilities on surface sites per unit time [23, 90].
In this work, the Eden model is extended to grow lattice-free into space by placing
regular triangles into the space and randomly adding material to the perimeter. This idea is,
to the best of the authors knowledge, novel.

5.2.2

Models of space filling and anisotropic growth

Models of space filling describe how space is filled by clusters. In principle, each space
filling model may be split into four components:
1. The space in which growth can occur may be finite of a given shape, or infinite space
may be considered1 .
2. A model for nucleation is needed, which controls the nucleation rate kN . In this work,
a constant nucleation rate is referred to as continuous nucleation. If a number of
nuclei is initially present, it is called the site saturation case, kN = δ (t)ρN , with δ (t)
1 Space

filling of an infinite domain can only work if a density of nuclei is defined.
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being the Dirac symbol, t denoting time, and ρN the number density per unit volume
of nuclei.
3. A model describing the evolution of a nucleus deposited at time t ′ . The cluster’s
volume is denoted as V (t,t ′ ).
4. A model for the interaction between different clusters. In this work, it is taken to
be hard exclusion between solids. The process of further growth being hindered by
previously grown solids is called impingement.
Probably the first, and almost certainly most popular, model of space filling is the analytic model due to (in order) Kolmogorov, Johnson and Mehl, and Avrami (KJMA)[165,
174, 175]2 . The motivation of these authors was to understand the observed phase transition
kinetics of metals. Growth is described in infinite domains for homogeneously distributed
nuclei, either in the site saturation or continuous nucleation cases. The growth model in
the KJMA model is a sphere of the same dimension as space. The final result for the solid
fraction of space ϕ(t) reads
ϕ(t) = 1 − exp(−kt n ).
(5.1)
The constant k is a collection of different constants invoked in the derivation, among others
the radial growth rate of the sphere and the nucleation rate or number of initial nuclei. In
this work, n is referred to as the growth exponent. It is determined by the growth mechanism
and the nucleation model. In the site saturation case, the growth exponent is equal to the
dimension of growth. For a constant nucleation rate the growth exponent is equal to the
dimension of growth plus 1. Variations of the model have been developed to account for
variable growth and nucleation rates in time [166]. Improvements have been made, most
notably by Cahn, who introduced the time cone formalism to derive expressions for ϕ(t)
in confined spaces and at the presence of grain boundaries [176]. This formalism has been
used by Villa and Rios to develop analytic expressions for the filling of confined spaces with
different shapes [177]. Model extensions have also been proposed to predict the cluster size
distribution [178, 179].
The KJMA analysis gives rise to the classical analysis for space filling processes. Equation 5.1 is linearised as ln(ln(1/(1 − ϕ(t)))) = n ln(t) + ln(k). The corresponding plot of
ln(ln(1/(1 − ϕ(t)))) versus ln(t) is referred to as the Avrami plot; the slope of the curve
gives the growth exponent. For processes following the KJMA theory, the Avrami plot
yields a straight line. This means that the growth exponent is constant. If the growth mechanism changes in the process, the exponent changes as well.
Shepilov and Baik note that the treatment of the exclusion between different clusters in
the KJMA model imposes a set of conditions on the validity of Equation 5.1 [180]. One of
2 Kolmogorov

published first and in Russian.
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these conditions is that the "growth rate in a fixed direction is the same for all (...) [clusters]",
as long as growth is not blocked by other clusters. In other words, anisotropic growth cannot
be treated by Equation 5.1. Anisotropic growth leads to mutual blocking of clusters, as seen
in Figure 5.1. Blocking describes the process when a cluster is denied a point in space by a
second cluster, without that point in space being included in the second cluster at that time.

(a)

(b)

Fig. 5.1 The derivation of the KJMA equation requries that a nucleation event at a point
guarantees the extent of the grown structure to a certain point (× in the figure). This is the
case for growing spheres, here illustrated in two dimensions (b) Growing one dimensional
structures in two dimensions can block each other, the vertical rod prevents the angled rods
from reaching × in (b). Drawn similar to [180].
Computer models have been used to study anisotropic growth. Shepilov and Baik used
ellipsoids in three dimensions and treated the blocking explicitly up to limited order [180].
Pusztai and Gránásy considered growing ellipses in two-dimensional space; interaction between the ellipses was treated by mapping the ellipses onto a lattice. Blocking was treated by
only allowing growth of pixels that are intersected by the ellipsoid and have a neighbouring
lattice site belonging to the same shape [181]. Godiksen et al. did the same with ellipsoids
in three-dimensional space [182]. These authors observed that for mild-anisotropy of the
growing shapes, the deviations from KJMA kinetics are small. If the anisotropy becomes
large, they observed that early in the process, before the clusters impinge, the KJMA equation holds.
The extreme case of anisotropic growth is when the dimensionality of growth is lower
than the dimension of filled space. Kooi used a lattice-based discrete time step Monte Carlo
algorithm to study such situations for one-dimensional growth in two dimensions and twodimensional growth in three dimensions. The growing needles and sheets were constrained
by the lattice to a limited number of orientations. Interestingly, as a two-dimensional growth
model, an over-damped Eden model was used [183]. For the site saturation case, growth
ends when the sheets impinge on each other. If the nucleation rate is constant, a second
growth regime with a low growth exponent is observed at long times after the impingement.
In this regime, the voids between the first sheets are filled by shorter sheets, leading to a
behaviour comparable to the packing-limited growth model for spheres [62].
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Model elements

The motivation of this chapter is to investigate how sheets grow in space, and how disorder
can be introduced in these models. Based on an Eden model for the two-dimensional "pure"
sheet growth, a set of further growth mechanisms was identified. These are shown in Figure
5.2. In order to grow the sheets, they are discretised as triangular prisms with side-length L
and height h. The whole model can be summarised as:
1. Each sheet has a thickness h.
2. Sheets exclude each other; any point in space can only belong to a single segment.
3. Nucleation is modelled by randomly placing a triangle in the domain. Thus, nuclei
have finite size and an orientation.
4. Sheet growth is modelled by coupling a two-dimensional Eden model [160] with a
kinetic Monte Carlo scheme (KMC). New triangles are added with a rate kS to edges
of previously deposited triangles, which are referred to as growth sites. This approach
allows complex geometrical situations such as growth around other sheets to be resolved.
This approach allows modelling of planar growth and space filling by planar sheet growth.
The subsequent model elements were conceived when considering how a two-dimensional
growth model could sample three-dimensional space:
5. At each site available for planar growth, a second process can occur where newly
grown segments are tilted by an angle γB around the perimeter from which it has
grown. This occurs with a rate kB and is referred to as bifurcation.
6. New sheets may form layers on previously deposited sheets, with a rate kL , at a distance d from the previous sheet. This is termed layering and occurs from locations
called layering sites.
7. Alternatively to forming aligned sheets, the newly nucleated sheets may tilt out of the
plane of alignment by an angle γT . This process has a rate kT and is labelled tilted
layering.
These elements can be combined into a range of different growth models, which are outlined
in Section 5.3.2.

5.3.2

Combinations of model elements

The model elements 5-7, introduced in Section 5.3.1, can be combined with simple sheet
growth to a variety of models for growth and space-filling.
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Allowed processes
Sheet
growth

Blocked processes

(b)
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L
Bifurcation
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Layering
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(d)

(e)

(c-1)
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T
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Fig. 5.2 Two-dimensional illustration of the key elements and the growth steps. The new
triangle is always filled. (a) shows an example with two sheets about to impinge with perpendicular angle and the definition of sheet thickness h, interlayer space d and triangle side
length. (b) shows a planar growth step extending the horizontal sheet, (c) a bifurcation step.
The enlargement (c-1) defines the bifurcation angle γB and shows the alternative bifurcation
process as dotted lines. Note the dot marking the rotation axis. (d) shows a layering step
and (e) a tilted layering step. The enlargement (e-2) defines the tilt angle γT and the rotation
axis relative to a layering step occurring at the same position (grey). (f) table of allowed and
blocked configurations in a two-dimensional illustration.
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Fig. 5.3 Overview of the sheet growth models. Starting from the Eden model (sheet growth),
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Figure 5.3 classifies the models according to the number of rate parameters and the
nucleation mode. Alternatively, the models are classified as models of growth or space
filling (left and right column). Time is always made dimensionless by the sheet growth rate,
thus, it is not a free parameter. The ability to sample space is characterised. Growth is
classified as dense if no significant holes allowing further growth processes remain within
the evolved structure. The order within the structure is also qualitatively characterised.
The simplest conceivable model is sheet growth from a single segment, shown in Figure
5.3a. This model is an Eden model [160] on a two-dimensional lattice with arbitrary orientation in three-dimensional space. The resultant structure is an almost circular disc with a
rough surface, see Section 5.2.1. Two mechanisms are proposed to allow two-dimensional
growth to form three-dimensional structures. In the simplest step, new segments can nucleate aligned with an existing sheet a certain distance d away, which is called layering. This
is shown in 5.3c. The resultant structure grows in three dimensions and produces a highly
ordered sheet crystal, prohibiting any further growth within its boundaries3 . Alternatively,
defects can be introduced as individual sheets grow, as shown in Figure 5.3d. Occasionally,
segments are allowed to tilt out of the plane of growth, leading the sheet to bifurcate. One
expects disordered three-dimensional structures from such a process.
The order in the crystalline structure grown with the growth and layering model (Fig.
5.3c) can be broken up by tilting the new segments during the layering step, introducing
defects and new orientations of growth. Now, disordered polycrystalline structures emerge
from a single nucleus. This is the model in Figure 5.3e. Layering can also be introduced
in the bifurcation model, as shown in Figure 5.3f. The nature of growth will depend on the
relative importance of the layering step towards the growth rate.
Space filling of a domain by sheet growth in a space filling scenario leads to disordered
open structures, Fig. 5.3b. It is important to note that the structures densify further and are
expected to eventually fill space, if nuclei are of infinitesimal size. The relative orientations
of impinging sheets are uncorrelated. The growth models of Figure 5.3c and 5.3d can be
introduced in multiple-nuclei scenarios as sketched in Figures 5.3g and h. Sheet growth and
layering lead to structures which can be described as polycrystalline sheet structures, see
Figure 5.3g. They exhibit a high degree of order within each crystallite originating from
a single nucleus, whilst the orientation of different crystallites is uncorrelated. This scenario is expected to follow standard KJMA kinetics. Growth with bifurcation in a multiple
nucleation scenario, as shown in Figure 5.3h, leads to disordered, porous structures. The
structures originating from single nuclei are porous by themselves, and the kinetics of the
space filling will be dominated first by growth of the disordered cluster from the individual
3 This

assumes that no growth is possible between sheets.
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nuclei, and later by the impingement between these clusters.

A space filling version of the model illustrated in Figure 5.3i, was used by this author to
model the development of the nano-structure of cement [168], which is discussed in Chapter
6. Therefore, it will be omitted from the discussion here. The study of the model of Figure
5.3f and the corresponding space filling model, Figure 5.3j, was not included in the thesis
due to the excessive memory requirements.
This work concentrates on introducing disorder into sheet-like structures; the properties
of the three growth models 5.3a, c and d will be studied. The focus will be on the kinetic
properties.

5.3.3

Theory of sheet growth

In this section, the expected kinetic behaviour of the growth and space filling models is
developed from theoretical considerations. For most models of growth, it is attempted to
find expressions for the number of triangles (sites) in a cluster as a function of time, or at
least to evaluate the expected growth exponent.
Two-dimensional growth
Pure two-dimensional growth of a single sheet leads to a two-dimensional object. It has a
characteristic measure r, which would be the radius of a circle or the side length of a square.
The surface area of the object is denoted A. Consider an infinitesimal expansion of the
shape, dr. If the shape is sufficiently large, dr can be approximately the height of a triangle.
This is sketched in Figure 5.4.
dA
dr

dr
(a)

(b)

Fig. 5.4 Idea behind deriving N(t) for sheet growth.
The number of equilateral triangular segments with side length, L, in such a shape
changes per time step such that:
∂N
1 ∂A
C ∂r
≈
=
r .
∂t
A△ ∂t
A△ ∂t

(5.2)
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The constant, C, relates the length
of the perimeter, LP , of the shape to the characteristic
√
size, such that LP = Cr. A△ = 43 L2 is the surface area of an equilateral
triangle with side
√
3
4
length L. If one assumes that the radial growth rate is ∂ r/∂t = 2 kS L, one obtains:
∂N √
≈ 3CkS2t.
∂t

(5.3)

√
∂N
≈ 2π 3kS2t.
∂t

(5.4)

Setting C = 2π, as in a circle, leads to

Integration of this equation leads to the scaling law for the number of triangles in large
clusters
√
(5.5)
N = 3πkS2t 2 .
The result for the growth rate versus number of inserted segments is also given:
√
√
∂N
4
= 2 3π 2 kS N.
∂t

(5.6)

These equations are only expected to hold for the limit of very large structures. They are,
as it will be seen in the next section, useful approximations to understand how fast the
individual sheets grow.
Sheet crystals: clusters grown by sheet growth and layering
If sheet growth and layering occur together, the triangular segments within the resultant
sheet crystal are arranged on a triangular-prismatic lattice. The resultant three-dimensional
growth is expected to behave like an Eden model in three dimensions. Therefore, a growth
exponent of 3 is expected for sufficiently large structures [173]. The aspect ratio of these
structures is related in a non-trivial way to the ratio between the sheet growth and the layering rate, kS /kL . This was already observed by Eden in two dimensions when he first
published the model [160].
Growth with bifurcation
In Figure 5.5a, a few bifurcation events are sketched on a growing sheet; when a bifurcation
event occurs, a half-circularly shaped sheet grows into space, as outlined in Figure 5.5a.
Thus, each bifurcation event effectively creates a nucleation site for a new sheet. Figure
4

√
3
2 L

is the height of an equilateral triangle with side length L.
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5.5b (marked spots) and c show how sheets of the same cluster can impinge on each other
internally. This is expected to occur via two mechanisms: Figure 5.5b shows in cross section
how sheets of the 1st generation are not able to impinge in cross section. Only those of
the 2nd and higher generation are able to impinge on sheets of any other generation. If
this mechanism for internal impingement dominates, the characteristic time until the first
impingement is expected to depend on the bifurcation angle γB . Alternatively, as shown in
Figure 5.5c, 1st generation sheets can intersect in the plane of their parent sheet. In this case,
the bifurcation angle should not play a role. It is possible that both impingement regimes
occur, and it is reasonable to assume that they are controlled by the relative likelihood of
B
.
bifurcation events, 2k2k
B +kS

0thstgeneration
1 generation

(a)

2nd
generation
3rdgeneration

(b)

(c)

Fig. 5.5 (a) 3D illustration of an early structure generated by sheet growth and bifurcation.
(b) 2D illustration of the tree-like structure generated by sheet growth with bifurcation.
Red-dotted circles denote sites where internal impingement is imminent. (c) Growing sheet
shown in the plane of the page (circles). The dotted lines are sheets growing out of the
plane due to bifurcation at different times (for example towards the observer). Internal
impingement can occur if the sheets intersect on the plane of the parent sheet.
As Figure 5.5a indicates, each bifurcation site effectively serves as the origin for an
approximately half-circular sheet. For each of the new sheets, Equation 5.5 should hold.
Let us consider a growing sheet in space; bifurcation events are possible at the perimeter of
the sheet, effectively leading to new sheets, similar to a nucleation event. For the moment, it
is assumed that at the new sheets, no further bifurcation events are possible. The number of
triangles in a sheet nucleated at t ′ is denoted as N(t,t ′ ). The length of the perimeter of the
primary sheet is proportional to its radius, so one has LP ∼ (t − t ′ ). Since bifurcation can
occur at each perimeter segment, the number of bifurcation events is β (t −t ′ ). The constant
β contains the necessary proportionality factors and the bifurcation rate. Combining this
with N(t,t ′ ) leads to the number of segments in a first-generation-only bifurcation cluster:
′

N(t,t ) +

Z t
t′

β (t ′′ − t ′ )N(t,t ′′ )dt ′′ .

(5.7)

(This is actually also an interesting case to investigate. The author of this thesis regrets that
he had this idea only during an attempt to clarify this section a few days before submission).
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If bifurcation is also possible on those sheets which were formed by bifurcation themselves, a recursive expression can be obtained if internal intersection between the sheets
grown from the same cluster is ignored. The sheets of generation i are denoted by a superscript (i); the sheet growing from the first nucleus has the superscript (0). The segments of
all sheets of higher generations bifurcating from it are included into its number of segments
N (i) (t,t ′ ). t ′ denotes the time of nucleation/bifurcation of the sheet. The number of segments in such a sheet is the sum of a t 2 term for the growth of the main sheet plus those in
the sheets formed by bifurcation. These can be found by integrating in time over the product of the probability to nucleate a sheet per unit time and the expression for the segments
contained in a segment, N (i) (t,t ′ ). Thus, if created at t (i) , the number of segments of sheet
of generation (i) and higher is given by the recursive equation:
N (i) (t,t (i) ) = α (i) (t − t (i) )2 +

Z t
t (i)

N (i+1) (t,t (i+1) )β (t (i+1) − t (i) )dt (i+1) .

(5.8)

The constant α (i) is the prefactor from Equation 5.5.
As already indicated, internal impingement is inevitable and occurs at some point. This
leads to a decrease of the growth exponent. Equation 5.8 can be evaluated, if one assumes
that only J generations of bifurcation events occur. This leads to
N (0) (t,t (0) ) ∼ t 2+2J ,

(5.9)

still assuming that the sheets formed by bifurcation do not impinge on each other internally.
As soon as internal impingement occurs, one expects the growth exponent to decrease.
Since at least 1 generation of sheets needs to be formed by bifurcation, Min(J) = 1. Thus,
the lower bound for the growth exponent for sheet growth and bifurcation is 4. Impingement
can either occur in the plane of the 0th generation (see Figure 5.5c) or, as shown in Figure
5.5b, between sheets of the 2nd generation. Therefore, it is unlikely that more than two
generations of sheets form by bifurcation at any time, thus, Max(J) = 2. This leads to the
upper bound for the growth exponent for sheet growth and bifurcation, which is 6.
For long times beyond first internal impingement, only those sheets whose growth sites
lie on the surface of the convex hull of the cluster can continue growing. Thus, the growth
exponent is expected to approach a three-dimensional growth law, N ∼ t 3 for large N. This
is effectively the Leyvraz approach [173].
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Space filling by two-dimensional growth

Consider an infinite domain with a nuclei density of ρN . Each nucleus is placed at a ran−1

domly chosen position. The average distance between the nuclei is then DN = ρN 3 . Deviations from unhindered growth are expected when the size of the growing objects becomes
−1

equal to some critical size, Dc ≈ C2 DN = C2 ρN 3 . The constant C2 is expected to be 1 for
spherical growth and in the order of 1 
for anisotropic
 growth. The sheets are assumed to
√
3
grow with constant radial growth rate ṙ = 2 LkS . The first impingement between sheets
should then occur then at a critical time, t ∗ [183]:
3/4

C2

∗

t =

1/4

kN ṙ3/4

(5.10)

Well beyond the first impingement, any non-dense growth leads to a regime in which the
growth from the last-inserted nucleus comes to a halt before the next nucleus is inserted,
as has been shown by Dodds and Weitz for packing limited growth of spheres [184]. Kooi
points out that in this regime, the inserted volume is expected to depend only on the average
−1/3
size of the void, Dv , in the structure in which the sheet is inserted. He proposes Dv ∝ ρN
and the inserted volume being V ∝ hD2v , with h being the sheet height. In a continuous
nucleation regime, one obtains
Z t

Z t

Z
′
∗
∗ 13
dt
=
V
(t
)
+
Zh(k
(t
−t
)) .
N
(tkN )2/3
t∗
t∗
(5.11)
Z is the collection of all the proportionality constants involved in the derivation of Equation
5.11. It shows that in a scenario of two-dimensional sheet growth in three-dimensional space
one expects the growth exponent to fall to 13 past the initial blocking.
∗

∗

V (t > t ) = V (t ) +

5.3.4

′

′

∗

kN V (t,t )dt = V (t ) +

kN

How the models are studied

The primary aim of this study is to examine the dynamic properties of the different growth
models and corresponding models of space filling. The growth exponents as a function of
time are obtained from a classic Avrami plot for the space filling models.
For the growth models, it is assumed that they grow in an infinite domain. Numerically,
this is realised by terminating the simulation as soon as the structure touches the domain
boundary. These models are studied by investigating the number of segments as a function
of time, N(t). This is equivalent to studying the volume of grown solid or surface area
with time, but as a dimensionless, and therefore more general, case. Since the volume
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is infinite, the fraction of space filling becomes infinitesimal. Via a series expansion of the
inner logarithm of the Avrami linearisation, it can be shown that it then becomes: ln(N(t)) =
n ln(t)+ln(AN ). The element prefactor AN is also evaluated for the growth models to be able
to give an approximate expression for the number of segments in the cluster after a certain
time.
For the clusters evolving via different growth models, the power law for rg (t) = Ar t nr is
evaluated. The radius of gyration, rg , indicates the approximate size of the resulting structure, and Ar is called the radial prefactor, and nr the radial growth exponent. For the growth
of a two-dimensional sheet, the assumption of circular growth leads to the approximate radius. The corresponding growth laws are important measures if analytical models of space
filling of the more complex models are discussed.
All time scales and rate constants are normalised by the sheet growth rate. All length
scales are given relative to the side length of a triangle, and time is always rescaled relative
to the sheet growth rate kS .

5.4

Numerics

In order to simulate the evolution of the model proposed in the previous section, a computer
algorithm must be able to describe the positions of the sheets in space and to simulate the
growth as a function of time. Kinetic Monte Carlo (KMC) schemes have been used for the
latter purpose. Previous numerical growth models usually relied either on lattices to keep
track of the spatial arrangement of the solids, or were only able to handle simple growing
shapes.
In order to describe the position of the sheets in space, they were discretised as triangles
whose vertices can take arbitrary positions in three-dimensional space. In this section, the
KMC scheme is introduced and the algorithm discussed.

5.4.1

Kinetic Monte Carlo scheme

Kinetic Monte Carlo (KMC) is introduced in Chapter 3, where a generalised derivation of
Gillespie’s algorithm is given [91].
The model elements require up to five different discrete processes to occur at two different types of growth sites: planar growth and bifurcation can occur at the active perimeter
sites of an existing sheet. Layering and tilted layering can occur over the active triangular
facets of segments.
The index x is used to denote the type of a growth event, which is 0 for sheet growth, 1
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for bifurcation, 2 for layering, 3 for tilted layering and 4 for bulk nucleation. At any given
time, lx denotes the number of possible events of type x. Each event is denoted by the letter
Gxi , where i denotes the ith event of that type. The events are associated with sets, which
are denoted Lx and have lx elements each5 . With each type of growth events, a growth rate
is associated6 , which are k0 = kS , k1 = kB , kn2 = kL , and k3 = kT . For
o example, there are l0
2
0
0
0
possible sheet growth events in the set L0 = G0 , G1 , G2 , . . . , Gl0 −1 . The growth events Gxi
are to be understood as attempted growth events, and the rates are to be interpreted as the
probability for an event to be attempted per unit time per site. Continuous nucleation in the
volume requires the definition of the nucleation rate, k4 = kN , which is interpreted as the
probability for a nucleation attempt per unit volume per unit time.
The algorithm proposed here does not "know" whether an event at site Gxi is successful,
which means it will grow a new triangle, or whether the new triangle will intersect with
another sheet and, therefore, be rejected, which means the event fails. Failed events are
treated as successful ones. The implications of this are discussed at the end of this chapter
section.
Subsequently, the generalised algorithm, introduced in Chapter 3, is applied to the sheet
growth model. The number-weighted probability for an event to be attempted per unit time
step is Ki = li ki for i = 1, 2, 3 and Ki = V kN for i = 4, the continuous nucleation process.
The probability that an arbitrary event will occur in the interval (t + τ,t + τ + dτ) is the
sum of all number-weighted probabilities:
4

P1 (τ) =

4

∑ K j · exp(− ∑ Kiτ).

j=0

(5.12)

i=0

This probability can be sampled by drawing the time interval such as
τ=

1
ln(1/X2 ),
K

(5.13)

where X2 is a uniformly drawn random number between zero and one. K denotes the sum
over all Ki and is sometimes referred to as the rate line. Since ⟨ln(1/X2 )⟩ = 1, the time
interval τ has also been sampled [86] as
τ′ =
5 The

1
,
K

(5.14)

numerical index i is used to denote the different events. This does not imply any order of the events
within the set.
6 The formulation of the scheme becomes considerably easier if an ordered index is used, for example,
numbers instead of letters.
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which is the expression used in this work. The joint probability that if a process is attempted
in the time interval (t + τ,t + τ + dτ), it is of type x, is
P2 (x|τ) =

Kx
,
4
∑y=0 Ky

(5.15)

where x can take the values 1, 2, 3, 4. The joint probability P2 is sampled by drawing a
uniformly distributed number X1 between zero and one and taking the process x fulfilling
x−1

x

∑ Ki < X1K ≤ ∑ K j ,

i=0

(5.16)

j=0

where K denotes the sum of all number weighed probabilities.
This leads to the program flow diagram summarised in Figure 5.6. After initialisation,
the class of the process to be attempted is determined using Equation 5.16. Subsequently, an
event GxI is chosen from all possible processes of that class Lx . The index of the process is
determined by using a uniformly distributed random number I ∈ [0, lx ). The chosen growth
event is then attempted. After the attempt, irrespective of the outcome, simulation time is
increased according to Equation 5.14.
Each attempted growth event has two possible outcomes: the event is either successfully
carried out, or the insertion of the triangle fails. In this case, time progresses without any
change to the system. Within each class, the lists containing the possible growth events Lx
can be split into two subsets at any time. The first subset, L̂x , contains those events which
could be grown successfully at that time; their number is denoted as lˆx . The corresponding
number of events that would fail is denoted as l¯x ; the subset containing these events is L̄x .
If the growth event belongs to the lˆx successful growth events in class x, is carried out and
removed from the Lx . In this case, the growth site will be deactivated by deleting all events
Gxi originating from that site. For example, in a growth model with bifurcation and sheet
growth, a successful sheet growth attempt leads to the deletion of the two bifurcation events
that were possible from the same site. If the newly grown triangle occupies a neighbouring
position of a a previously grown triangle, the corresponding growth sites are detected and
deleted. If the growth event belongs to the failing events in L̄x , it is simply deleted from Lx
and time progresses as before.
The presence of not-executed events in KMC methods has been discussed in the literature. Chatterjee and Vlachos show that for null-event-Monte Carlo the average time increment can be obtained using the same expression as rejection-free methods [92]. Serebrinsky
has come to similar conclusions [185].
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Program initialisation
Draw random number X1.
Select process class x so that
x 1

K
i 0

x

i

 KX 1   K j .
j 0

Draw random integer I and
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x

GIIx from Lx and
Remove G
asscociated growth events
(see text)
Progress time by

t  t  t  t 
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1
K

Further
events
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Fig. 5.6 Flow diagram of the KMC procedure. In the first step, the class of process (planar
growth, bifurcation, layering, tilted layering) is determined. One process belonging to that
class is chosen with equal probability and attempted. After deleting processes which have
become impossible now, time is increased by τ and the next iteration begins

5.4.2

Implementation details

The triangular segments of the sheets were kept track of as triangles, using a self-developed
library adopting ideas from the computational geometry library CGAL [186]. Random vectors were needed frequently and found using the method proposed by Muller [187]. Intersection detection between newly inserted triangles and previously deposited sheets was
implemented efficiently by a three-staged sequence: each triangle is kept in a spatially resolved list, thus limiting the intersection tests to be carried out only to triangles in the vicinity
of the new triangle [188, 189]. In a second step, the axis-aligned bounding boxes (AABB)
between two triangles is tested for intersection [189], and only if this relatively cheap test
indicates that intersection is possible, an exact test is conducted. The exact intersection
test is the popular Gilbert-Johnson-Kerthi (GJK) algorithm, which allows efficient overlap
detection between convex polygons [189, 190].
The algorithm was implemented in Java, a decision made in favour of rapid development
at the expense of some performance. Typical wall clock times for code execution were
about one day for the runs 3-6 in Table 5.1 on a server with 128 GB memory and two Intel
Xeon E5-2680 CPUs with 20 MB cache and 2.7 GHz. Whilst no particular measures were
undertaken to parallelise the code and it was hence executed serially, multiple cores were
used by Java’s garbage collector when invoked. The memory requirement for one of the
runs mentiond above was in the order of 100 GB, thus, performance problems are more a
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problem of memory requirement than due to the demand of computational time. This is
likely to be caused by an overhead on the Java objects used for triangles and vertices, and
growth events. However, the potential for optimisation of the current version of the program
has not been fully explored yet.

5.5

Results

The model parameters used to generate the results presented in this section are summarised
in Table 5.1. The relatively simple models, namely, sheet growth and sheet growth with
layering, were relatively quick to run, so averaging over multiple runs was possible within a
reasonable time. Since runs of more complicated models take more computational time, it
was decided not to average over many runs. However, trials showed that whilst the kinetics
seem to be variable for small clusters, the growth behaviour for large clusters seems to be
robust. Since the purpose of this work is to explore the parameter space, it was decided not
to investigate the statistics of the model in great detail. The section is split into two parts.
During the first three sections, growth of clusters of three models is investigated. In the
second part, these growth models are studied in space filling scenarios.

5.5.1

Single sheet growth

In this section, individual sheet growth is studied in a large domain. Growth was terminated when the first sheet reached the domain boundary. The kinetics are analysed using
an Avrami plot, which effectively assumes the equation N = AN t n to hold. The growth
exponent, n, and the prefactor, AN , are determined as a function of time.
The raw data is plotted in Figure 5.7a and the model parameters are given in Table
5.1. The plot in Figure 5.7a shows a straight line, indicating a power law as predicted by
Equation 5.5. The derivative of the Avrami plot shows that the initial growth exponent is
about 0.5, which then increases towards a value of about 2.3, followed by a slow decrease
towards 2. Equation 5.5 predicts a value of 2, which is approached for very large clusters in
the long-time limit. The prefactor seems to approach a value of 5.5 in the long-time limit, as
seen in Figure 5.5e, apparently in good agreement with Equation 5.5. However, the length
of the simulations is not sufficient to demonstrate this behaviour with certainty.
The same picture emerges if the radial growth rate of the sheet is considered. The sheet
radius was approximated from the radius of gyration as r2 = 2rg2 and is plotted in 5.7b versus
time. As proposed in Section 5.3.3, the radius grows approximately linearly with time for
small structures and approaches linear growth for large structures, as can be seen in Figure
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Table 5.1 Parameters for the growth models presented in this chapter.
Sec.
5.5.1

5.5.4

5.5.2

5.5.5

5.5.3

5.5.6

#
0
1
2
3
4
5
6
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24

Dom. size/L3

h/L

d/L

kL /kS

kB /kS

γB [°]

kN L3 /kS

Runs

4003

0.1

-

-

-

-

-

100

-

-

10−6
5 × 10−7
10−7
10−8

1

-

-

-

10

-

-

10−6

1

-

1

10−6

1

4003

0.85

-

1503

0.5

0.5

2503

0.5

0.5

10
1
0.1
1
10
10−3
10−7

2003
3003
2003
3003
2003
3503

0.1

0.85

-

-

-

-

10−2
10−3
10−2
10−3
10−2
10−3
10−2

11
45
85
11
45
85
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(a)

(b)
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2
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1
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3
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(e)
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1
0.95
0.9
0.85
0.8
0.75
0.7

−1

0

1

2
3
ln(tkS)
(f)

4

5

6

1

2

4

5

6

0.95
0.9

6

Radial prefactor Ar

Element prefactor AN

7

5
4
3
2
−1

6

1.1

Radial growth exponent nr

Growth exponent n

2.5

0

4

ln(tkS)
(d)

0.85
0.8
0.75
0.7

0
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2

3

ln(tkS)
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7
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−1

0

3

ln(tkS)

Fig. 5.7 (a) Double logarithmic plot of the number of segments in the cluster versus time.
(b) Double logartihmic plot of the radius of the grown sheet versus time. (c) The growth
exponent as a function of time obtained by taking the derivative of (a). (d) Radial growth
exponent of the sheet. (e) Element prefactor AN and (f) radial prefactor Ar as a function of
time. The lines in (c) and (e) are the expected values according to Equation 5.5 and assumed
radial growth rate respectively.
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5.7d, in which the radial growth exponent approaches 1 for large structures. The assumption
√
from Section 5.3.3 of the radial growth rate approaching 3LkS /2 can be confirmed for
large clusters, as shown in Figure 5.7f.
These results show that Equation 5.5 can be used to approximate
the area of a sheet as
√
3
well as the radius of each sheet as it grows, as approximately r = 2 LkSt. This expression
will be used to understand the mutual interaction of the grown sheets in later sections.

5.5.2

Growth of a sheet crystal: sheet growth and layering

In this section, growth of sheets combined with the aligned layering mechanism is investigated. The model parameters are given in Table 5.1. In Figure 5.8, cross sections through
the three clusters grown are shown. It is apparent that the ratio kL /kS controls the anisotropy
of the structure. The structures are approximately ellipsoids with an aspect ratio of approximately 1:2. Note that for the left structure shown the sheets are oriented perpendicular to
the large aspect, whilst for the second structure they are aligned with the largest aspect.
The kinetics are plotted in Figure 5.9. Figure 5.9a shows the number of triangles in the
structure versus time, Figure 5.9c the evolution of the growth exponent in time. It increases
for all runs shown from values between 1 and 1.5 towards a maximum at about 3.5, and
decreases towards 3 for longer times. The position of the maximum depends on the ratio
kL /kS . This picture agrees with the behaviour of the radius of gyration, which is plotted as
a function of time in Figure 5.9b. The radial growth nr exponent is plotted in Figure 5.9d.
It increases from values between 0.9 and 0.6 towards about 1.1, and decreases then towards
1.0 again. The position of the maximum agrees with the maximum growth exponent. In
Figure 5.9e and f are the values of the prefactors AN and Ar are shown. Their values seem
to approach constant values in the long time limit, consistent with a power law describing
growth. The actual value of the prefactors AN and Ar depends strongly on the ratio between
the rates for sheet growth and layering, kL /kS .
This behaviour is analogous to a three-dimensional Eden model. The new triangles
form a prismatic lattice. This leads to three-dimensional Eden-like growth with anisotropic
growth rates. Thus, the limiting growth exponent approaches 3, so the characteristic size
of the cluster increases approximately linearly. The anisotropy of the clusters depends on
the ratio between the sheet growth rate and the layering rate, kL /kS , in a complex way. The
author of this thesis has not investigated this systematically yet.
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Fig. 5.8 Cross sections through the clusters discussed in Section 5.5.2. The dimension in
main direction is about 150 · L. From left to right: kL /kS = 10, kL , kS = 1, kL /kS = 0.1. Note
that (i) that in the left cluster the sheets are oriented perpendicular to the main direction and
that in the right cluster the sheets are aligned with the larger aspect. (ii) the aspect ratio for
the two anisotropic shapes is about 1:2.

5.5.3

Sheet growth and bifurcation

In this section, sheet growth and bifurcation from a single nucleus is investigated. The parameters are given in Table 5.1. Growth was always stopped as soon as a segment intersected
with the domain boundary to exclude boundary effects. Example structures are shown in
Figure 5.10. The structures sample three-dimensional space. Those clusters grown with
γB = 45° and γB = 90° are approximately spherical, whilst the cluster grown with γB = 11°
has a doughnut-like shape. The inspection of the three cross sections through the structure
reveals orientational anisotropy in the clusters.
The kinetic data for the growth of clusters with growth and bifurcation is shown in Figure
5.11. Figure 5.11a and c show the Avrami plot and the derived growth exponents for the
clusters. Figures b and d show the radius of gyration plotted against time and the associated
radial growth exponent.
Those curves obtained for models with a bifurcation rate of kB = 0.01 are referred to as
high bifurcation rate, those which had a bifurcation rate kB = 0.001 are referred to as low
bifurcation rate. Three bifurcation angles γB , 11°, 45° and 85°, were investigated for both
groups.
The growth exponent, Figure 5.11c, always takes initial values between 1.0 and 1.5 and
increases subsequently to a value of 2.0. If the bifurcation rate is high, the growth exponents
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Fig. 5.9 (a,b) Double logarithmic plots of the raw data for the number of segments in the
layered sheet cluster and its radius of gyration. (c) Growth exponent for the sheet clusters for
different parameters. The long-time behaviour always approaches three. (d) Radial growth
k /k = 0.1
exponent for
radius of gyration. In all cases shown, it approaches one for large clusters
k /k =the
1
k /k = 10
(e) Prefactors for the power laws the number of sheets in the sheet cluster N(t) = AN t n . (f)
Prefactor for the power-law rg (t) = Ar t nr for the gyrational radius of the sheet cluster.
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Fig. 5.10 Cross sections through clusters grown by combining planar sheet growth with
bifurcation. The first three columns show different the yz-, xz- and xy-cross sections through
the clusters. The last column shows a three-dimensional rendering of the cluster. The first
row shows clusters grown with a bifurcation angle γB = 11°, the second with γB = 45° and
the last one with γB = 90°. Note the isotropy of the clusters which becomes apparent by
inspection of the different cross sections. The bifurcation rate was always kB = 0.01. The
cross sections shown was obtained on different simulation runs than those used to analyse
the kinetic parameters.
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increase directly towards 4.0 and 4.5. If the bifurcation rate is low, the growth exponent
seemed to plateau at a growth exponent of 2.0 for a while, before increasing further towards
peak values between 4 (for the 85° case) and 5.1 (for the 45° case). The growth exponents
decrease after the peak and seem to approach values close to 3.0 for the models with high
bifurcation rate. The shape of the curves for the low bifurcation rates is similar to those with
high bifurcation rate, which suggests that they should also approach 3.0 for larger structures.
Since it was not possible to investigate larger structures with the current version of the code,
it remains unclear whether 3.0 is actually approached.
The radial growth exponent nr is plotted in Figure 5.11d and shows strong fluctuations
for early times between 0.7 and 1.2. As the structures grow, the radial growth exponents
seem to approach 1.05 and seem to continue decreasing, but the data does not reach out
far enough. Nevertheless, this picture is consistent with the observation for the growth
exponents. Due to these strong fluctuations, it was decided not to calculate the prefactors
AN and Ar for the bifurcation clusters.
It is notable that for the models with low bifurcation rate, the time of the maximum
seems to be less dependent on the bifurcation angle γB than for those models with high
bifurcation rate.
The observed growth exponents between 4 and 5 indicate that a second generation of
bifurcation sheets causes internal impingement, leading the growth exponent to decrease.
The results provide evidence that the growth exponent will eventually approach 3.0 for the
structures generated. However, this conclusion has to be taken with care. This behaviour is
expected since all growth sites within the cluster will eventually stop being active, leaving
only those sites at the convex hull of the cluster available for growth. Since the surface for
a three-dimensional object scales with its characteristic length to the power of 2, the growth
exponent of such a structure must become 3 if growth is proportional to the convex hull of
the structure [173].

5.5.4

Space filling by growing sheets with continuous nucleation

In this section, the results for the model of space filling by sheet growth with continuous
nucleation (Figure 5.3b) are presented. The parameters are given in Table 5.1. Two different
situations are compared: in Case A, the nucleated sheets can only take three perpendicular
orientations, this is Kooi’s model [183]. In Case B, the orientation of each nuclei is randomly
chosen. Both situations are contrasted by comparing the cross sections shown in Figures
5.12 and 5.13.
Figure 5.12 shows Case A, which means that the sheets were only allowed to have three
different orientations. The left column shows structures evolved to about 50 %, and the
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Fig. 5.11 (a,b) Number of segments in cluster and radius of gyration sheet growth and bifurcation versus time. (c) Growth exponent n plotted versus time. (d) Radial growth exponent
plotted versus time.
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Fig. 5.12 Cross sections through structures grown for Case A. The first column shows structures evolved to about 50 %, the second column shows the final structures. The visualisations are in the same order as the parameters in Table 5.1.
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right column shows final structures. From top to bottom, the bulk nucleation rate increases.
Details are given in Table 5.1. The cross sections through intermediate structures show
rectangularly shaped pockets of empty space of different sizes. Large white areas indicate
space where the normal vector of the sheets in this area is normal to the plane of the cross
section. In three-dimensions, the pockets are rectangular cuboids. The size of the pockets
decreases with increasing nucleation rate. As the structures evolve, the pockets are filled by
shorter sheets.
A similar picture shows Figure 5.13, which describes Case B. The newly inserted nuclei
were allowed to take a randomly chosen orientation on the surface of a unit sphere. The
Figure is organised as Figure 5.12, with the bulk nucleation rate increasing from top to
bottom. Similarly to Case A, pockets of empty space, bound by sheets, are formed. These
are of polygonal shape in the cross section, indicating that they are actually polyhedra in
three-dimensional space. As the structures evolve, the pockets are filled up by smaller
sheets.
Figure 5.14 shows the Avrami plots and derived growth exponents as a function of simulation time for both situations. The growth exponent exhibits three distinct regimes: the
initial growth exponent is approximately 0.6 and increases quickly to a value of slightly
larger than 3.0. It remains approximately constant for a while, followed by a steep decrease,
after which the growth exponent increases again to a value close to 0.3, following which it
decreases slowly. The value of the exponent in this third regime seems to be slightly dependent on the nucleation rate, being close to 0.2 for those runs with higher and approaching
0.3 for those with lower nucleation rate.
The initial behaviour of the model is due to the growth kinetics of the sheets. In Section
5.5.1, it is shown how clusters (sheets) evolving from nuclei start with low growth exponents, which increase towards values slightly in excess of 2.0 and decreases slowly. This is
the picture observed here, but the growth exponent takes a value of three due to the continuous nucleation regime. The sharp drop in the growth exponent is caused by the impingement
of the sheets.
Simulation time, tkS , was rescaled in the data presented by the time for the expected first
impingement, as given by Equation 5.10. The constant C2 was chosen as 2 from visual com√
parison against the simulated data, the radial growth rate was ṙ/kS = 3L/2. The regime
following the steep decay of the growth exponent is the blocking regime according to [183].
Equation 5.11 suggests a growth exponent of 1/3 in this regime, which is only reached by
the simulation for Case A with the lowest nucleation rate. This is probably caused by the
finite size of the nuclei. As the structures evolve and the free spaces between the pockets
of sheets fill up, fewer nuclei can be inserted, which decreases the growth exponent. In
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addition to this finite size effect, it is also noted that anisotropy of the nuclei can have an
effect of the growth rate as well. This is the case when the sheets are very thin, such that the
nucleus-triangles can only be inserted aligned to the sheets if inserted close to a surface of
the structure grown.
It is notable that Case A, Kooi’s model, and Case B behave more or less comparably.

5.5.5

Sheet growth and layering: space filling by sheet crystals

In this section, space filling by growing sheet crystals is studied. Sheet crystals form if the
sheet growth and the layering mechanisms are active in a continuous nucleation scenario,
as discussed in Section 5.5.2. The parameters for the simulations are shown in Table 5.1.
Cross sections through resultant structures are shown in Figure 5.15.
The first column of Figure 5.15, reports cross sections through structures evolved to
about 50 %; those in the last column shows the final structures. The ratio kL /kS decreases
from top to the bottom row. This pushes the aspect ratio of the clusters growing from single
seeds from a cigar-shaped ellipsoid via a sphere towards a flat oblate ellipsoid. This emerges
from the first three rows of Figure 5.15. The intermediate structure shown in Figure 5.15g
has only a few layer repetitions, indicating that the layering rate is so low that layering plays
only a minor role compared to nucleation and sheet growth. The structure appears similar
to those shown for the sheet growth and continuous nucleation scenario discussed in Figure
5.14.
The kinetic data is shown in Figure 5.16. In all cases shown, the initial growth exponent
is close to one and increases monotonically at first. Then, the different runs exhibit different
behaviour. The growth exponent in the first two runs, for kL /kS = 1 and kL /kS = 10, increases towards a value close to 4.5, and slowly decreases subsequently towards about 4.2.
The evolution of the structures terminates after a steep decrease.
The growth exponent observed for the model with kL /kS = 10−3 increases towards 3,
seems to plateau a short while and increases subsequently towards 4. This is followed
by a sharp drops towards a shoulder at about 1, before dropping to 0. If the layering is
much slower than the sheet growth, kL /kS = 10−7 , the maximum growth exponent is only
slightly larger than 3. After staying at about 3 for a short while, it drops towards a value
of approximately 0.3 and decreases slowly. The curve appears to be very similar to those
shown in Figure 5.14, confirming the observations made previously on Figure 5.15.
The different behaviour of the models are caused by the anisotropy of the growth model
due to different ratios kL /kS . If the ratio is close to 1, the growing clusters have only mild
anisotropy and therefore, the KJMA Equation 5.1 should be applicable. The initial behaviour for small clusters is always due to the initial stabilisation of the growth kinetics and
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Fig. 5.13 Cross sections through structures grown for Case B. Left column contains structures evolved to approximately 50 %. Right column: structures at the end of the simulation.
The visualisations are in the same order as the parameters in Table 5.1.
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Fig. 5.14 Kinetic plots for space filling by sheet growth with continuous nucleation. The
left column shows the plots for Case A, the right column for Case B. (a,d) shows the raw
data, (b,e) the coresponding Avrami plots, and (c,f) the derived growth exponents.
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Fig. 5.15 Example structures for space filing by sheet crystals. First column: ca. 50 %
evolved, second column: final structures. The visualisations are in the same order as the
parameters in Table 5.1.
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is similar to the observations in Section 5.5.2, where it can be seen that the time exponent
of the cluster volume reaches 3.5 before it approaches 3. Therefore, the peak value of the
growth exponent reaches 4.5. The sharp decay of the growth rate is due to impingement of
growth from the different clusters. This deviation from the KJMA equation is caused by
the numerical growth model. A small gap remains between impinging clusters due to the
finite size of the inserted triangles. These gaps are about 5 % of the final structures for the
simulations shown in this section. One expects the KJMA equation to be highly sensitive to
this detail, as can be shown by a series expansion of the KJMA equation, Equation 5.1:
1
1
ϕ(t) = 1 − exp(−kt n ) ≈ kt n − k2t 2n + k3t 3n . . .
2
3

(5.17)

As long as t is small, only the first term contributes to the model. Thus, the Avrami plot
gives the correct growth exponent. The higher order terms are sensitive to small changes.
When two of the clusters impinge, the gap is not accounted for in the solid fraction, whilst
the gap effectively increases the radius of both clusters slightly. Thus, compared to the
KJMA equation, the numerical growth model "overestimates" impingement, leading to the
rapid decay of the growth rate.

In the run with kL /kS = 10−3 , the time scale between sheet growth and layering is separated due to the small value of kL /kS . Thus, the growth exponent reaches a value of about
three first and the model behaves like a pure sheet growth model. Only after a while the layering starts playing a role, leading to the increased growth exponent before the impingement
of the growing shapes. The shoulder with a growth exponent of about 1 and a logarithmictime of 5 is the remaining space filling by slow one-dimensional growth due to layering.
This can also be seen in in the works of Pusztai and Shepilov [180, 181]. Comparison of
Figures 5.15e and f shows how spaces in the intermediate structure are mostly filled by
layering, which is an essentially one-dimensional process.

In the model with kL /kS = 10−7 , time scales of growth and layering are so strongly
separated that layering only plays minor a role before impingement. Therefore, the growth
exponent barely exceeds 3.0 , which shows that the model behaves like a model of impinging
sheets. The influence of layering after impingement remains negligible as well, since the
curve has the same shape as pure sheet growth with continuous nucleation (see Section
5.16). Therefore, the cross sections of the structures appear to be similar to those shown in
that section.

106

Filling of three-dimensional space by two-dimensional growing sheets

(a) Kinetic plot

Solid volume fraction φ

1

kL/kS=1
kL/kS=10
kL/kS=10-3
kL/kS=10-7

0.8

0.6

0.4

0.2

0
10−2

100

102

104

106

tkS
(b) Avrami plot
5

ln(ln(1/(1-φ)))

0

−5

−10

−15

−20
−5

0

5

10

15

10

15

ln(tkS)
(c) Growth exponent
5

Growth exponent n

4

3

2

1

0
−5

0

5

ln(tkS)

Fig. 5.16 Kinetic plots for space filling by sheet crystals (sheet growth and layering) and
continuous nucleation. (a) Shows the raw data, (b) the Avrami plot and (c) the derived
growth exponent.
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Space filling by sheet growth with bifurcation

In this section, space filling is investigated in a continuous nucleation scenario, with clusters
growing by the sheet growth and bifurcation mechanisms. The parameters are given in Table
5.1.
In Figure 5.17, cross sections through intermediate structures are shown in the first column and evolved structures in the second. The changing parameters between the rows is the
bifurcation angle γB , which take the values 11°, 45° and 85°. Figure 5.17a shows elongated
packets of sheets, whilst the two other intermediate structures show more spherical clusters.
This agrees well with the observations made in Section 5.5.3. The fully evolved structures
are dense and disordered. The density appears to be homogeneous.
The kinetic curves are shown in Figure 5.18. The initial growth exponent is about 1.0
and increases towards a maximum of about 5.0. Subsequently, the growth rate drops sharply
and the evolution of the structure terminates.
The initial increase of the growth exponent is following the undisturbed cluster growth
kinetics, which has already been studied in Section 5.5.3. The maximum value of the growth
exponent reaches about 5.5, before dropping sharply. This indicates that impingement between different clusters becomes important before the growth exponent decreases due to the
internal impingement of the sheets formed by bifurcation, as found in Section 5.5.3.
The sharp decrease of the growth exponent shows that the porous clusters formed by
sheet growth and bifurcation impinge like hard spheres. The clusters do not seem to grow
into each other, leading to a fairly abrupt termination of growth. This is a similar behaviour
to the dense sheet crystals discussed in Section 5.5.5. Thus, the kinetic behaviour of these
structures might be approximated by an KJMA style model, if the radial growth rate is
calibrated accordingly.

5.6

Discussion and Conclusion

In this chapter, growth of sheets and space filling by the resultant structures was studied. These studies were only possible by introducing a novel off-lattice kinetic Monte
Carlo model to describe the growth. Different mechanisms were proposed to allow a twodimensional growth mechanism to sample three-dimensional space. Some of these mechanisms, such as layering, lead to highly ordered structures. Other mechanisms, such as
bifurcation, can potentially create amorphous structures.
It was shown that a simple set of equations can be developed to estimate the growth
of a sheet using an Eden model. Sheet growth with continuous nucleation was used as
a model for space filling by two-dimensional sheets. The presented results reproduce the
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Fig. 5.17 Example structures for space filing by sheet growth and bifurcation. First column:
ca. 50 % evolved, second column: final structures. The visualisations are in the same order
as the parameters in Table 5.1.
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Fig. 5.18 Kinetic plots for space filling by sheet growth with bifurcation and continuous
nucleation. (a) shows the raw data, (b) the Avrami plot and (c) the derived growth exponent.
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known literature behaviour of a model where the sheets are allowed to take only few selected
orientations. These were compared against the model in which the nucleating sheets can be
of arbitrary orientation, which is one of the advantages of the new algorithm. Both models
exhibit almost quantitatively the same kinetic behaviour. However, be aware that these
graphs have log-scales.
Sheet growth in combination with the layering mechanism leads to the growth of massive, bulky structures. Their actual growth rate and aspect ratio depends in a complex way
on the ratio between the layering and planar growth rate. As long as the aspect ratio of these
structure is close to unity, they reproduce conventional KJMA behaviour within the limit of
the discretisation of the sheets.
Introduction of bifurcation allows sheets to sample three-dimensional space in an disordered way. The kinetics for these models develops in different regimes, initially, low
growth exponents are observed, which increase towards a maximum. Arguments have been
presented as to why the maximum growth exponents are expected to be between 4.0 and
6.0, which matches the simulation results with exponents between 4.0 and slightly above
5.0. Beyond the maximum, the growth exponents seems to decay towards a value of 3.0.
This could not be verified yet due to computational limitations. With regards to the initial
motivation behind this work, to examine the meso-structure of C–S–H within cement, the
author would like to remark that the clusters growing from nucleation and bifurcation resemble early age hydration products of Portland cement (compare Chapter 2). Also, their
kinetic behaviour is in line with high Avrami exponents observed for the early stages or
Portland cement hydration [37].
Space filling by clusters grown with the bifurcation mechanism exhibits high growth exponents, and a sharp drop in the growth rate. Besides the values of the growth exponents, the
curves resemble those of impingement of sheet crystals. This indicates that the bifurcation
clusters impinge hard on each other, despite their open internal structure.
The clusters grown with the bifurcation model are of high interest for the cement community, since they form a potentially open and disordered sheet structure from a single
nuclei, which is in line with ideas proposed by Garter [8]. Nevertheless, it is anticipated that
the model presented in this work will find applications beyond cement, where its fundamental results will be of interest. The results presented indicate that it is desirable to study larger
computational domains, which is currently not possible due to the large memory domain.
These problems can be overcome by, for example, applying known techniques to re-mesh
the grown sheets at a much coarser resolution, thus, drastically reducing the memory demand.
The application of this model towards actual physical systems requires the establishment
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of a link towards the experimental data. This may be via the kinetic data itself, as calculated in this chapter, or by further characterisations of the structure. In the next chapter of
this thesis, a sheet growth model is applied to the formation of calcium-silicate-hydrates in
Portland cement.

Chapter 6
A sheet model for the meso-structure of
calcium-silicate-hydrate in cement
Prior disclosure: this chapter is largely identical to an article published by this author in
Cement and Concrete Research [168].
The sheet growth model is used to grow quasi-two-dimensional sheet structures in three-dimensional confinements. These structures are used as a model
for calcium-silicate-hydrate forming in the interstitial pore space between cement grains by the reaction of anhydrous cement and water. The generated
structures have growth and morphological properties consistent with a range of
experimental data.

6.1

Introduction

In this chapter, the previously introduced computer model, which grows amorphous threedimensional structures from a network of disordered two-dimensional sheets, is applied
to the growth of the calcium-silicate-hydrates (C–S–H) in cement. The properties of the
numerical structures generated are compared to experimental data for cement paste.
The active component of cement paste is calcium silicate hydrate. It forms from a
dissolution-precipitation reaction of anhydrous cement powder and water and it is related
to minerals like tobermorite and jennite [27]. C–S–H comprises a disordered network of
semi-crystalline layers of calcium and oxygen atoms with silica tetrahedra attached, interspersed by water and further calcium ions. Two water environments are commonly identified: the interlayer water, and water in nanoscopic gel-pores between locally aggregated
semi-crystalline layers[6]. The nano-structure has been described as combining glass-like
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short-range order with some features of the mineral tobermorite [34]. However, this model
has been critisised for being inconsistent with the crystal chemistry of other calcium silicates
[35]. Most macroscopic properties of cement depend on the details of the C–S–H formed.
Despite its importance, the microscopic morphology of C–S–H remains poorly defined and
the subject of intense debate [1].
For this work, the meso-scale is defined as structural features ranging from roughly
1 nm to hundreds of nanometres, or, alternatively, bridging the nano scale with the scale
of cement paste (µm) (see Section 1.2). There are two conceptual models [134] of the
meso-scale morphology of C–S–H. On the one hand are colloidal models such as the recent
one proposed by Jennings [3]. The underlying particle packings of colloidal models have
been used to explain a wide range of apparently contradictory experimental results. The
colloidal particles have a characteristic length of ca. 5 nm with a layered substructure,
where the layers are considered to be chemically similar to those found in minerals like
tobermorite and jennite. A hierarchy of nanoscopic pore spaces are identified ranging from
the interlayer space, to small pores between disordered layers, particles in small flocs, and
between large flocs [4]. An alternative viewpoint includes models such as that proposed by
Feldman and Sereda (FS) [5], which describe C–S–H as quasi-continuous, but disordered,
layers of sheets. A schematic contrasting the models is shown in Figure 6.1.
Particle models have received considerable attention from the community. Garrault and
Nonat based their model for the formation of hydrated layers on tri- and dicalcium silicate
surfaces on particle aggregation [41]. Particle-based models have also been used by the
group of Ulm to successfully interpret nano indentation results [81]. Small-angle neutron
scattering data of cement paste has been interpreted using particle fractal models [30], finding a mass and a surface fractal and a particle diameter of about 5 nm. Livingston proposed
a fractal nucleation and growth model, which relates fit-parameters of the growth rate to
the fractal structures observed in SANS experiments [191]. This view is also supported by
X-ray scattering measurements of Skinner et al. They reported a vanishing pair correlation
function beyond a correlation length of 3.5 nm and concluded that synthetic C–S–H has
nano-crystalline regions of that size. Whilst particle models have been successfully used to
fit/explain a broad range of experimental data, difficulties remain in explaining how such
structures may form. Ioannidou et al. addressed this question with a hybrid Monte-CarloMolecular-Dynamics model, incorporating molecular features below approximately 10 nm
by using an experimentally obtained interaction potential. They showed that morphologies
observed in micrographs such as fibrils and columns can be formed [82]. Experimentally it
is found that localised growth occurs preferentially on the surface of the cement grains [52],
instead of cluster formation in the bulk. Recently, Brisard and Levitz studied the relation-
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ship between different particle packings and the expected scattering curves. They conclude
that C–S–H cannot be described by monodisperse particle packings and diffusion-limited
aggregation. They suggest an Apollonian sphere packing with a power-law distribution of
particle sizes, or alternatively a power-law distribution of pore sizes [61]. However, recent
NMR experiments by Muller et al. [40] indicate a rather narrow, bi-model distribution of
pores in C–S–H, consisting of the interlayer and the gel pore space.
Nevertheless, even in the light of the wide acceptance of particle models, doubts remain.
Chiang et al. developed a fit for SANS data based on particles consisting of cylindrical
stacks of discs and a fractal pair correlation function. Interestingly, they inferred cylinder heights ranging from 5 nm to 10 nm and diameters between 13 nm and 19 nm for a
synthetic C–S–H system equilibrated with different water contents. Such extended sheet
regions could also, as they point out, be interpreted as evidence for a quasi-continuous sheet
structure [60]. Certainly, this result argues against the idea of 5 nm building blocks. Dolado
et al. conducted molecular dynamics (MD) simulations of the polymerisation of silicic acid
in the presence of water-solvated calcium hydroxide to study "a prejudice-free" structure
formation. They observed the formation of a three-dimensional branched structure with
building blocks of similar size to Jennings’ particles [134]. They suggest that such a structure may integrate elements, similarly sized as the colloidal bricks in Jennings’ model, into
a continuous structure.
Phenomenological evidence for the existence of extended sheet-structures can be taken
from micrographs of C–S–H both from synthetic systems as well as from cement paste,
which often can be described as showing a sheet-like or crumpled-foil morphology [27,
54, 192, 193]. Brisard et al. used transmission X-ray microscopy and associated nanotomography techniques to study cement paste. They showed that the scattering curves can
be related to the nano-structures observed [194]. The images could be interpreted both as
a quasi-continuous sheet structure or a colloidal aggregate. McDonald et al. used a sheetmodel to interpret their NMR results of drying cement paste [6]. Scrivener et al. suggested
nano-crystalline regions of sheets, partly linked by other sheets, as a C–S–H structure and
suggest that such structures may have a behaviour mechanically similar to a granular material [7]. According to Gartner, such structures could form by two-dimensional-growth
of sheets in three-dimensional space; consequently, this results in a quasi-continuous sheet
structure [8]. The ideas proposed by Gartner have never been studied numerically and the
resultant material properties of quasi-continuous FS-models have never been investigated in
three dimensions due to the difficulty of representing such inherently complex structures.
The literature review above demonstrated that colloidal models have received considerable attention, and have been successfully applied to interpret experimental data. In contrast,
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Fig. 6.1 Schematic of the two dominant C–S–H models: left: the Jennings model is a
hierarchical packing of nano-sized layered particles. right: the FS model describes C–S–H
as disordered quasi-continuous sheets. Recreated from [4, 5].
quasi-continuous sheet structures have never been theoretically investigated. In this work,
we introduce a methodology to numerically generate three-dimensional amorphous structures that have the core-structural properties of quasi-continuous FS sheet models. These
can be tested against experimental results for C–S–H. Initial structures are compared to experimental data obtained with small-angle scattering, isothermal calorimetry, nuclear magnetic resonance (NMR)-porosimetry and permeability data.

6.2

Application of the sheet growth model to C–S–H

In contrast to the precipitation and aggregation of particles, as modelled by Ioannidou et al.
[82], this work is based on a different idea. It is assumed that sheet nuclei form instantaneously at time t = 0 on the surface of the cement grains, before the growth acceleration.
The cement grains dissolve, and C–S–H precipitates at active growth sites on the C–S–H
structure. This precipitation is the basis for the model. The motivation for the present work
is that C–S–H is assumed to be a sheet due the chemical similarity with tobermorite. This is
modelled by assigning the edges of sheets as growth sites. In addition to the planar growth
of the sheets, new sheets are assumed to form aligned with existing ones. The modelling
idea is similar to the concepts suggested by Gartner [8]. The model adopts a framework to
describe arbitrarily shaped surfaces in space based on triangulation. A kinetic sheet growth
model with the following seven key elements, based on the hypotheses given above for
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6.2 Application of the sheet growth model to C–S–H
cement, as shown in Figure 6.2.

1. Sheets of thickness h grow within a confined space. Outside of this space, sheets
cannot grow.
2. Growth starts from a fixed number of initial nucleation sites NS . Nucleation sites
are modelled as randomly oriented triangles (prisms) placed on the surface of the
confinement space.
3. Planar growth is modelled by adding material to the perimeter of an existing sheet.
New triangles are added with a rate kS .
4. Layer formation occurs by inserting a triangle a distance d from existing sheets with
a rate kL .
5. The pore space sandwiched between aligned layers is called the interlayer space and
is of width dil = d − h. It is formed both by layering and growth from previous
layering sites.
6. Sheets are not allowed to intersect. Sheets are surrounded by an exclusion zone, which
is sketched in Figure 6.2. The exclusion zone of different segments is not allowed to
overlap. It prevents triangles from different sheets to be closer than the layer repeat
distance d and prevents growth in the interlayer space.
7. Defects in the structures occur due to the exclusion zone and the triangle side length
when sheets collide. Additionally, defective layering events, leading to the insertion
of triangles tilted by an angle γT with a rate 3kT , enable control of the number of
defects1 .

Steps: growth
L

tilted layering

layering

Exclusion
zone
d-h

d

T

h

Fig. 6.2 Top: A new triangle is inserted above a layer during layering, and at a layer edge
during growth. Below: definitions of the geometric measures of the model; a tilting event is
also illustrated in two dimensions. The dotted grey line illustrates the exclusion zone.
1 The

insertion rate is 3kT , since three defective triangles are possible at each layering site. See Chapter 5
for details.
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In the context of this work, the model is used to simulate the formation of C–S–H in the
water-filled capillary pore space between cement grains. Thus, we model the formation of
the C–S–H described by some authors as outer product [27]. For the time being, we ignore
the formation of inner product and the shrinkage of the cement grains as they are consumed.
The capillary space is modelled as a spherical confinement of radius Rc = 150 nm, but provisions have been made to also study more complex confinements, as discussed below. The
triangle side length, L, is 1.5 nm. The layer repeat distance, d, was chosen as 1.4 nm to fit
tobermorite-14 [27, 28]. The sheet height was estimated as h = 0.65 nm on the basis of crystallographic data for tobermorite-14 [28]. The number of initial seeds, NS , was arbitrarily
chosen as 1688, leading to a surface seed density of 5969 µm−2 . This will be discussed in
Section 6.5. The tilt angle was chosen as γT = 11° on the basis that this leads to wedgeshaped defect pores, analogous to gel pores, with a length-to-thickness ratio of about five,
as suggested by NMR data [6].
After initialisation, the structure is evolved until growth, from all growth sites, has been
attempted. Intermediate structures are described via a progress variable ξ , defined as the
number of deposited triangles at time t expressed as a fraction of the total number deposited,
Final . The progress variable is analogous to the degree of hydration of cement. ConseN△
quently, the time-derivative of ξ is analogous to the reaction rate measured as a heat-flux in
isothermal calorimetry or as a volume-change rate in chemical shrinkage experiments.

6.3

Methods

The sheet growth model is described in greater detail in Chapter 5.

6.3.1

Pore space characterisation

The pore space in the final structure is characterised with the assumption that all void space
can be either assigned to interlayer pore space or the gel pore space. The following definitions are used:
1. interlayer pore space, labelled by the index "il", is the pore space located between two
aligned layers with distance d between the centre of the backbones. The corresponding surfaces are those segment surfaces facing an aligned segment in that distance.
2. the defect or gel pore space, labelled by the index "d", is the remaining pore space
which is not occupied by solids. The surface of this pore space is computed by summing up all those triangular facets which do not contribute to the interlayer surface.
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The aim of this definition is to obtain values comparable to the view a T2 -proton relaxometry
NMR experiment would obtain. The edges of the sheets were excluded from the definition
of the gel pore surface because NMR relaxation occurs mostly at paramagnetic impurities
[195], which are most-likely located in the plane of the sheets.

6.3.2

Prediction of small-angle scattering curves

Small angle scattering as a method has already been introduced in Chapter 3. Rather than
following the described approach by Schmidt-Rohr [97], a semi-analytical procedure is used
to predict the small-angle scattering curve.
The contribution of each triangular segment is computed separately. These are added to
obtain the scattering intensity in a certain direction, which is then radially averaged. Equation 3.11 specifies that the amplitude of the scattered radiation A(q) with a scattering vector
q is the Fourier transform (FT) of the scattering length density distribution. Actual values
for the scattering length are ignored here, and the scattering length density distribution is
replaced by the indicator function I(r) [95], which is one if r belongs to the solid and zero
if r belongs to the pore space.
Z

A(q) =

I(r) exp (−ir · q) dr

(6.1)

V

Since the indicator function is zero outside the sheets, one can write
Z

I(r) exp (−ir · q) dr

A(q) =
Sheets
N Z

=

∑
i

I(r) exp (−ir · q) dr,

(6.2)

V ∈Ti


where the sum is over all triangles Ti = Vi 0 , Vi 1 , Vi 2 . The nomenclature within the trij
angle is also shown in Figure 6.3. Vi denotes the jth vertex of triangle i. The integral can
be evaluated if its coordinates are transformed into the coordinates of the triangle, namely
r = Oi + ui s + vit + n̂i H, s,t and H are parameters. The origin is set as Oi = V0i , the three
i
.
vectors are ui = V0i − V1i , vi = V2i − V0i and n̂i = |uui ×v
i ×vi |
The following constraints give the points included in the triangle:
0 ≤ s,t
s+t ≤ 1
1
− 2 h ≤ H ≤ 21 h

(6.3)

dr is transformed as dr = det(Jr )dsdtdH, where det(Jr ) denotes the determinant of the
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n̂i
Vi2

Vi1

vi

ui
Oi  Vi0

Fig. 6.3 Nomenclature within a triangular segment with height h. The positions of the
j
vertices of the backbone triangle (dark area) are the black dots and labelled as Vi , where j
is the vertex index within the triangle and i denotes the ith triangle. The normalised normalvector of the backbone triangle is denoted n̂i .
Jacobian of r, which reads Jr = [u, v, n̂]. This leads to:
Z

I(r) exp (−ir · q) dr

V ∈Ti

= exp(−iq · Oi )det(Jr )
Z H
0

exp(−iq · n̂i h)dh

(6.4)
Z 1
0

exp(−iq · ui s)

Z 1−s
0

exp(−iq · vit)dtds

The integral can be evaluated, leading to an expression for the the amplitude of the scattered
radiation by the complete structure in direction q:

n

A(q) =

∑ exp(−iq · Oi)det(Jr)


i
i(1 − exp(−iq · n̂i H)
−
q · n̂i


q · ui (1 − exp(−iq · vi ) +uq · vi (exp(−iq
· ui ) − 1)
v
−
.
(q · ui )2 qvi − q · ui (qvi )2

(6.5)

O

This expression enables one to simulate scattering in a single direction q.

Radial averaging

(c)

Small-angle experiments measure averaged intensity of the radiation at a set length of the
scattering vector over all directions. Thus, the intensity calculated from equation 6.5 was averaged over 200 points on the surface of a sphere for each scalar value for q in the spectrum.
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#
Figure
Domain kS /kL 3kT /kL
0
6.4a,b
sp
104
0
1
6.4c,d
sp
1
0
2
6.4e,f
sp
10−4
0
3
3
6.5a,b, 6.8
sp
10
0
4
6.8
sp
103
0.1
5
6.5c,d, 6.8
sp
103
0.2
3
6
6.8
sp
10
0.3
7
6.5e,f, 6.8
sp
103
0.4
3
8
6.8
sp
10
0.5
3
9 6.5g,h, 6.8, 6.6,6.7, 6.9
sp
10
0.36
3
10
6.6
cub
10
0.36
Table 6.1 Summary of all the parameters used for simulations of the model included in
this work. The abbreviations cub and sp refer to the domain shapes cubic array of spheres
and hollow sphere respectively. The parameters in row #9 are those used to generate the
structure investigated further as a model for C–S–H.

These points were determined using the STEP method proposed by Edén [196].

6.4

Results

The sheet growth model was used to generate a range of different structures. The parameters
used are summarised in Table 6.1.

6.4.1

Growth morphologies

In Figure 6.4, three-dimensional structures are shown which have been grown with different
model parameters. The first two rows show cross sections through the structures. Those
shown in the first row evolved to about 50 %, and the second row shows final structures
which were unable to grow further. The last row provides three-dimensional visualisations
of the fully evolved structures. Across the columns, the ratio between the primary growth
parameters kS /kL is varied from 10−4 to 104 . As previously discussed in Section 5, this
affects the aspect ratio of the forming sheet crystal. When planar growth dominates layering
(kS >> kL ), the pore wall is covered by an open network of sheets, as seen in the cross
section. The orientation of each sheet is set during the random placement of the initial
seeds. Occasionally one can observe sheets growing around each other. As the structure
evolves further, the large gaps between the initial sheets are filled in by aligned sheets. This
picture changes considerably if growth and layering are balanced (kS ≈ kL ). This is seen in

122

A sheet model for the meso-structure of calcium-silicate-hydrate in cement

the second column of Figure 6.4. These crystals form a dense layer on the surface, whose
thickness increases radially inwards. These crystals are also visible as individual, almost
circular patches in the three-dimensional visualisation, in Figure 6.4f. The third column
shows a situation where layering dominates sheet growth, kL >> kS . Initially, thin stacks
of sheets are formed. Some of these can be seen penetrating the cross section close to
the centre of the cavity. It can be observed that strong anisotropy (kS ̸= kL ) in the growth
leads to two-staged space filling. An open structure is formed first, which densifies as
the structure evolves. Such densification of C–S–H has been measured by NMR [40] and
proposed previously by other authors [46, 47]. Note that two-staged space filling is a general
feature of anisotropic growth due to mutual blocking of growing objects [180, 183, 183].
In Figure 6.5, the first three columns demonstrate the gradual effect of tilting is seen
for structures grown with kS /kL = 1 × 103 . The last column shows a structure grown with
an intermediate likelihood of tilted layering events, which was used to fit the NMR data,
as explained below. The first row contains scenarios grown without tilt, whilst tilting is
gradually introduced. The ratio 3kT /kL gives the relative probability of a tilted to an aligned
layering event at a given growth site. The resultant structures become gradually less ordered
and dense. More defects and, hence, more gel pores are formed. Figure 6.5h and 6.4b are
similar to the micrograph of Portland cement shown in Figure 6.7. Considering the scaling in
the figure, the morphology shown has similarly-sized features. However, other micrographs
such as Fig. 12 in [54] (reproduced in Figure 2.7d) show coarser features. It should be noted
that preliminary results indicate that the feature size in the generated structures depends
on the size of the confinement. Finally, the different morphologies seen in columns one
and three of Figure 6.4 may be thought analogous to the two distinct morphologies seen
in micrographs of cement pastes that are commonly called foil-like and fibrillar C–S–H
[27]. However, it should be noted that the sheet orientation in fibrillar micrographs appears
orthogonal to that in the simulation. The closing of larger pores as seen in the sequence
6.4a–b can mechanistically explain the densification of C–S–H proposed by Bishnoi and
Scrivener from simulations using the modelling platform µic [46]. The structure shown
in Figure 6.5h is taken as the structure whose properties are compared for the rest of this
chapter against experimental data for cement.

6.4.2

Model kinetics

Figure 6.6 shows the progress variable and growth rate as a function of time during the evolution of the structure shown in Figure 6.5h. The growth rate reaches a maximum after about
30 units of dimensionless time and a progress variable of about 0.35. It shows similarity to
the experimentally observed heat flux for the hydration of tricalcium silicate, a major com-
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Fig. 6.4 Visualisations of structures obtained with different ratios between the planar growth
and the layering growth rate. The first row shows cross sections through structures evolved
about 50 %, and the second row through completely evolved structures, the last row contains
3D renderings. The parameters are shown in Table 6.1. In the first column, planar growth
dominates layering (parameters #1), which leads to a diffuse and open growth front. In the
second column, layering and planar growth occur with equal rates (parameters #2), which
leads to a dense layer and a sharp growth front. In the third column, layering is much faster
than planar growth (parameters #3). Columns of sheets are formed, which expand radially
as the structure evolves further. Note that this is particularly evident in the 3D view.
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Fig. 6.5 Cross sections through structures grown with kS /kL = 103 and varying tilt probability. The first row shows intermediate structures evolved to about 50 %; the second row
shows final structures. The structures in the first column, (a) and (b), are grown without tilt.
The structures in the second column, (c) and (d), have a tilt probability of 3kT /kL = 0.2.
Structures (e) and (f), in the third column, of 3kT /kL = 0.4. The fourth column, (g) and (h),
contains structures with the pore space fitted to the NMR results. The tilt probability was
3kT /kL = 0.36.
ponent of commercial cements, which is often used as a model system. An acceleration and
deceleration period are observed as seen in hydrating cement paste [38]. This supports the
feasibility of the suggested growth mechanism. However, careful comparison between the
curves suggests a shorter deceleration period for the model compared to tricalcium silicate.
The structure was grown in a sphere. One criticism of this geometry is that the growth rate
is necessarily reduced as material always grows radially inwards in a concave space. In the
real system, the outer product of C–S–H grows between packed, approximately spherical
cement grains. Hence, at least in the early stages, it grows into a convexly-bound space.
To exemplify the difference, Figure 6.6 also shows the growth rate for a structure, with the
same parameters, grown in the interstitial space between a cubic array of spheres of radius
150 nm. Only a slight difference is observed for the kinetics curve. The implications of this
result for different confinement geometries will be discussed below.

6.4.3

Model porosity

The gel or defect porosity in the model has already been defined in Section 6.3.1 and can
also be measured by NMR in cement paste. For a given seed density and primary kinetic
parameters, the composition of the pore space can be controlled using the tilt rate kT . Figure
6.8 shows the volume fractions for the two types of pore spaces for the structures shown in
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Fig. 6.6 Black lines: progress variable and growth rate ( for the structure shown in Fig.
6.5g. Grey lines: the same but for a structure grown between a cubic array of spheres. The
inset (reproduced from [197]) shows experimental data for tricalcium silicate paste with a
monomodal particle size.

Fig. 6.7 TEM Micrograph of a white Portland cement after 28 days of hydration. The inset
shows a correctly scaled cross section through the structure shown in Figure 6.5h. The
micrograph was provided by J. Rossen, EPFL.
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Figure 6.5h as a function of the tilt rate. The tilt probability for the favoured structure in
this work, 3kT /kL = 0.36 was found by choosing a value which leads to the experimentallyderived ratio of defect volume fraction ϕd to interlayer volume fraction ϕil .

0.9
Solid fraction
Interlayer fraction φil
Defect pore space φd 0.8
φil/φd

Volume fraction φi

0.4

0.35

0.7
0.3
0.6
0.25

0.2

Ratio φil/φd

1

0.45

0.5

0

0.1

0.2

0.3

0.4

0.5

0.4
0.6

Fraction of tilted layering events 3kT/kL

Fig. 6.8 Plot of the solid volume fraction ϕs , the interlayer volume fraction ϕil and the
defect or gel volume fraction ϕd for the structures shown in Figure 6.5 as a function of the
tilt probability 3kT /kL . With an increasing tilt probability, additional defect pore space is
created by reducing the interlayer and the defect volume fraction. The ratio between the two
pore volume fractions is also plotted.

Table 6.2 compares the interlayer space volume fraction, ϕil , the defect or gel porosity
ϕd , and the surface-to-volume ratios of the two pore types for each of the evolved structures
in Figures 6.4 and 6.5h alongside values calculated from published pore sizes and water volume fractions in a white Portland cement measured by NMR [67]. To convert water mass
fractions into volume fractions, a water density of 1 g cm−3 was assumed. Good agreement
is seen between the surface-to-volume ratios of the two pore volumes in the tilted structure when compared to experiment. After fitting, both the ratio ϕd /ϕil and the absolute
numbers themselves are in good agreement with the experiment. This demonstrates how
the space distribution between defect (gel) and interlayer porosity can be tuned using the
tilt-probability. A better agreement could have been obtained by tuning the thickness of
the individual sheets, because the detailed porosities and the surface-to-volume ratios of the
model depend on the sheet height h and the layer repeat distance d.
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Table 6.2 Volume fractions (ϕi ) and surface-to-volume (S/V ) ratios of interlayer (il) and
defect (d) pore spaces of the structures shown in Figure 6.4 and in 6.5 and of a white cement
paste calculated from NMR experimental data.

kS /kL
ϕil
ϕd
Sil /Vil
[nm−1 ]
Sd /Vd
[nm−1 ]

6.4.4

Fig.
6.4b
104
0.27
0.38
2.67

Fig.
6.4d
1
0.42
0.18
2.67

Fig.
6.4f
10−4
0.40
0.23
2.67

Fig.
6.5h
103
0.24
0.42
2.67

NMR
[67]
n/a
0.27
0.47
2.13

0.99

0.6

0.45

1.02

0.65

Scattering

Cement morphologies have been investigated by small-angle scattering [30], the literature
is reviewed to some extent in Chapter 2. The computational method used in this chapter has
been described in Section 6.3.2. In this study, removal of domain size effects was not considered as discussed, for example, by Brisard and Levitz [61]. The surface of the confinement
in the model is, in the real system, the interface between the outer product and the inner
product C–S–H. Thus, the scattering arising from the domain boundary is not an artefact
because its equivalent in the real system is certainly also seen by experimental small-angle
scattering. Figure 6.9 shows the calculated scattering pattern for the tilted structure together
with the pattern for the same structure, assuming no scattering contrast between the solid
and interlayer space. The former is the scattering from the entire pore surface area whereas
the latter is scattering from the gel pore surfaces only. Both curves show identical fringes
for small q-vectors, which correspond to the form factor of the spherical confinement. This
is demonstrated by the bottom curve in Figure 6.9, which is the analytical scattering pattern of a solid sphere of radius 150 nm [94]. The first simulation exhibits a distinct peak
at 4.467 nm−1 , which is not seen in the second. This corresponds to the interlayer spacing d. For large q-vectors, both curves show a q−4 dependence which corresponds to the
experimentally observed Porod regime. The simulated data is compared to experimental
small-angle neutron scattering data for cement from Allen et al. (dashed) [9]. For large and
intermediate q, and in the case of no contrast between solid and interlayer water, the curves
are in general agreement. For small scattering vectors, the form factor of the confinement
is seen in the simulation. In experiments, the spaces between cement particles are highly
irregular in size and shape, so any confinement contribution would be smeared out. As can
be seen in Figure 6.9, for q < 0.4 nm−1 , the slope of the experimental curve is slightly less

128

A sheet model for the meso-structure of calcium-silicate-hydrate in cement

steep than in the simulations. This is interpreted as the surface fractal property of the C–S–H
nano-structure [9, 198]. The simulation domains are not sufficiently large to verify this.

1010

Allen et al.
Interlayer visible
Interlayer invisible
Scattering of a sphere

Intensity [a. u.]

108
106
104
102
100
10−2
0.01

0.1

1

Scattering vector q[nm-1]

10

Dataset: Run3PointPoint_2
Function: a0*x^n
Chi^2/doF = 7.681e+04
R^2 = 0.974
a0 = 3.012e+06 +/- 7.599e+04
n = -1.631e+00 +/- 5.444e-02
2
Rescaled according to Natma
Rescaled according to NatMa
F1

Fig. 6.9 Example scattering curves obtained for structure (h) in Figure 6.5 together with
small-angle neutron scattering literature data taken from Allen et al. [9]. For clarity, each
curve is offset from the next by an intensity factor of 10. From top: the experimental data
and then simulated scattering of the tilted structure; the structure without solid-interlayer
contrast and the spherical confinement.

6.4.5

Permeability

A standard single-relaxation time lattice Boltzmann permeability scheme has been implemented to calculate the permeability of the structure with and without flow through the
interlayer space. The structure was grown within a cylinder with diameter and length of
50 nm and with 31 seeds placed on the surface, using the kinetic parameters of the structure
shown in Figure 6.5h. The results yield a permeability of 3.5 × 10−20 m2 with fluid flow
enabled in all spaces and 2.5 × 10−20 m2 with flow in the gel spaces only (i.e. no flow in the
interlayer). These values suggest that flow through the interlayer is not as important as flow
through the remaining pore space. Experimental results for the permeability of cement paste
vary widely in the range 10−18 to 10−22 m2 , depending on sample preparation and measurement method [100, 199]. The permeability of the C–S–H within the cement is thought to
be lower and has been estimated as 7 × 10−23 m2 [200], a value which is over 100 times
less than the simulations here. This discrepancy may be due to the spaces at the edges of
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sheets. In fully evolved structures, these spaces arise from the exclusion zone of neighbouring sheets and create connectivity of the gel porosity. The chemistry, and hence structure,
surrounding sheet edges remains uncertain and such connectivity may not be present. Using
the well-known Carman-Kozeny equation for a particle packing with a radius of 5 nm, as
suggested for colloidal models [3, 9], and a gel porosity of 0.47 as measured by NMR, gives
a permeability of 5 × 10−20 m2 for a non-hierarchical colloidal model. Even if the packing density in the colloid model is assumed to be higher, the permeability of such packings
remains far higher than the experimental values of C–S–H (see Chapter 4). This result indicates that, even if the new model cannot yet explain the low permeability of cement paste
and C–S–H, it is equally as good as the colloidal model. Further exploration of the transport
properties are needed.

6.5

Discussion of the model

In the previous sections it has been demonstrated that the new algorithm leads to structures
whose porosity can be matched to NMR porosimetry data and whose morphology and scattering curves are in general agreement with experimental data. Comparison between the
structures generated by the model and experimental C–S–H systems can be made only if the
following simplifications are accepted: in all experimental systems, the cement grain size
and shape are expected to be polydisperse, and the confinement size of ca. 150 nm will only
cover the smaller end of the capillary pore space. Furthermore, the structures were grown
with a seed density of almost 6000 µm−2 . This is about 600 times larger than that suggested
by Figure 3(a2) in Alizadeh et al. [52], and 300 times larger than counted by Bazzoni et
al. on electron microscopy after 2 h [50]2 . However, to the best of this author’s knowledge,
reliable quantitative data about the seed density on cement grains does not exist.
The influence of the initial seed density is twofold: fewer seeds lead to a reduced number of growth sites and, thus, to slower growth. More critically, without the tilt mechanism,
each sheet gives rise to a crystalline layered structure. The long-range disorder in the structures modelled in this work is thus generated by the complex interplay of the sheets growing
from different seeds. Microscopic evidence, e. g. by Gartner or Alizadeh [51, 52] suggests
that open, expanding structures grow from relatively few nuclei. For the model as it is, the
high number of seeds is necessary to induce sufficient disorder into the non-tilted systems.
Ongoing work indicates that disorder can also be introduced by a tilt mechanism, either during layer formation, as presented here, or during the planar growth step. This can replace
the randomness induced by the large number of seeds, so that only a few seeds would be
2 The

data of Bazzoni et al. was published after the work in this chapter had been completed.
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required for anisotropic structures. This is currently the primary aim for the further development of the model. The second aspect concerns the seed density and requires refinement of
the location of the defect or gel pore space. As shown in Table 6.2, the structures without tilt
exhibit considerable non-interlayer pore space, located between stacks of sheets and caused
by the exclusion zone between sheets. NMR indicates the formation of the gel pore space as
the nano-structure develops [40], whilst the porosity located between stacks of sheets only
closes as stacks expand.
The confinement shape (see Figure 6.6) as well as its size, affects the characteristic parameters, namely time of peak growth rate and the corresponding progress variable of the
growth rate curve. The extension of the model to include a polydisperse pore space is currently being pursued. However, due to the space filling nature of the algorithm, properties
such as the porosity do not depend on the domain shape, as long as the domain is considerably larger than the structural features. Whilst the kinetic curve outlines the applicability of
the model to hydrating cement paste, its value must be limited to investigations of the growth
order, such as proposed by Gartner [8, 22] because the model currently neither includes any
reactant transport information nor represents the complex capillary pore space. The model
presented in this work is intended to be as simple as possible because its parameters, such
as the growth rates, are currently unknown. Thus, it was decided against considering further
aspects such as introducing a preferred growth direction in the plane of the sheets, as could
be expected due to the crystal structure of tobermorite and microscopic evidence. It is anticipated that the model will be appropriately extended as soon as such information, as the
relative growth rates in tobermorite or C–S–H, becomes available from other techniques.

6.6

Conclusion

In this chapter, an algorithm is presented simulating the growth of amorphous sheet structures in confinements. It has been applied to the formation of C–S–H in hydrating cement
paste. Both the evolution and morphology of the simulated structures correspond with a
range of experimental observations. The emerging picture is qualitatively consistent. The
results suggest that a systematic exploration of the parameter space of the model combined
with further development of the branching sequence will lead to structures with properties
that quantitatively match experimental systems. We anticipate that this development will
allow progress to be made towards a better understanding of the nature and formation of cement’s hydration products, a debate benefiting from quasi-continuous sheet models in three
dimensions.

6.6 Conclusion
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Note on publication
The text in this chapter is based on the paper by Etzold et al. published in Cement and
Concrete Research [168]. The simulations contained in this chapter are new; due to the
developments made of the algorithm since the paper had been submitted.
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Chapter 7
Conclusions and future work
7.1

Conclusion

The key conclusions of this thesis can be summarised chapter-wise:
1. The cement community has a poor understanding of the meso-structure of the calcium-silicate-hydrates (C–S–H), such as that found in Portland cement. Modern authors tend to describe the meso-structure either as an aggregate of colloidal particles
or as a sheet structure. Arguments can be found in support for either of the hypotheses
(Chapter 2).
2. Simple particle packings were taken as a model structure for a colloidal aggregate.
The transport properties of the packings were calculated and compared against data
for mature cement paste, which is assumed to be controlled by the properties of C–
S–H. The colloidal model was not able to explain the extraordinarily low transport
properties of mature cement paste (Chapter 4).
3. A new Monte-Carlo algorithm to describe growing sheet structures was successfully
developed. The abstract problem of a growing sheet structure was rationalised in a
hierarchy of growth models which were characterised using the new algorithm. Some
of the growth models are of interest for cement. The author anticipates that the algorithm is of general interest to study anisotropic growth problems as those that occur
readily in material science or geology (Chapter 5).
4. The sheet growth model developed previously was used to grow C–S–H structures.
It was shown how their properties could be compared against experimental data from
literature. The properties of the model structures are in general agreement with observations made on hydrating cement paste (Chapter 6).
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Conclusions and future work

The key result of this thesis, from a cement perspective, is the application of the growth
model towards C–S–H in cement. It was released for the first time to a wider audience
in November 2013 and was positively received. In the subsequent discussions it emerged
that the large number of seeds, from which growth originates, is probably unrealistic (see
Chapter 2). A closer scrutiny of micrograph also shows that complex clusters of C–S–H
emerge from isolated seeds on the surface of the cement grains (see also Chapter 2). The
disorder in the first model was controlled by the number of initial seeds, from each of which
a single sheet evolved.

7.2

Future work

In Chapter 5, it was shown that the potential refinement may exist already. It was shown that
the combination of sheet growth with occasional bifurcation events can lead to complex and
disordered structures, originating from a single nucleus. With this mechanism, structures
may be developed which fit the experimental data better.
It turned out that simulating complex growing structures with the current program is
very memory demanding, which may also limit the investigation of new structures. Since
the proposed model is off-lattice, the methods of computational geometry may allow one
to reduce the number of triangles per sheet by re-meshing the sheets [188], which should
drastically increase the memory efficiency of the algorithm.
In the current version of the sheet growth code, a gap of the order of half the triangle
side length remains when sheets collide. It would be desirable to control the size of these
gaps, since they have a major effect on the properties of these resultant structures. This was
attempted during the course of this thesis but not satisfactorily completed.
The idea of the off-lattice growth model has attracted the interest of other researchers,
such as Holness et al., who are interested in the precipitation of bulky plagioclase crystals
from Magma [201]. An important aspect of this work is to understand the interaction of
the crystals and the effect of impingement between crystals on the average aspect ratio.
The model presented here is ideal for this task. The simulations of fluid-flow conducted
in this thesis always assumed macroscopic fluid behaviour, for example, that the NavierStokes equation with macroscopic velocities holds. It would be interesting to understand
the effect of the pore surface on the fluid behaviour. Botan et al. [159] and Rotenberg et
al. [158] show how molecular dynamics methods can be used to study the fluid behaviour
and even hydrodynamics in nano-pores found in clays. Analogous studies could also be
conducted on calcium-silicate-hydrate surfaces or clays to develop understanding about the
fluid movement in these fine cement pores.

Nomenclature
Cement chemistry
α

Degree of hydration

S̄

Cement chemistry shorthand for sulphur trioxide

Ca/Si Calcium-to-silicon atomic ratio.
w/c

Water-to-cement ratio by weight.

A

Cement chemistry shorthand for aluminium oxide

C

Cement chemist shorthand for calcium

F

Cement chemistry shorthand for iron oxide

H

Cement chemist shorthand for water

S

Cement chemist shorthand for silicon dioxide

Glossary
alite

Abundant calcium silicate clinker phase. Main chemical composition is C3 S

belite Second most important calium silicate clinker phase. Chemical composition is C2 S
BET Brunnauer-Emmet-Teller method to measure surfaces of porous materials.
Capillary pores Large pores found in cement paste in the range of micrometres.
CDE Convection diffusion equation.
CFD Computational fluid dynamics.
D-Drying D-drying refers to equilibrating the sample with the water vapour pressure at
−79 ◦C, which is about 6.7 × 10−2 Pa [73].
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Nomenclature

ESEM Electron scanning electron microscope
Gel pores Small pores found within the calcium-silicate-hydrate formed during cement hydration. They are in the lower nanometre range.
HD-C–S–H High density C–S–H in Jennings’ model
Interlayer space Water filled spaces between sheets of tobermorite/C–S–H. The water is
likely to be part of the structure.
ip

Short for inner product. The inner product is the hydration product of cement forming within the cement grain.

ITZ

Interfacial transition zone. Region in concrete in the vicinity of aggregates

LBE Lattice Boltzmann equation.
LD-C–S–H Low density C–S–H in Jennings’ model
More Much more German expression for discontent
NMR Nuclear magnetic resonance - in this thesis it usually refers to T2 NMR on protons.
NSE Navier-Stokes equation.
op

Short for outer product. The outer product is the hydration product of cement forming within the capillary pore space.

SANS Small-angle neutron scattering
SAS

Small-angle scattering

SAXS Small-angle X-ray scattering
SCM Supplementary cementitious materials.
SEM Scanning electron microscopy
TEM Transmission electron microscopy
Kinetic Monte Carlo
P̄(τ) Probability that no event occurs in the interval t,t + τ.
δt

Short time interval.

Nomenclature
σ

Something I am not sure about

τ

Point in time at which next process will occur.

f (τ) Probability for any process to occur in the time interval (t + τ,t + τ + dτ).
f (τ, i) Process probability density function (PPDF)
ki

Rate of process i.

N

Number of possible processes in a system.

ni

Number of instances of a given process which can occur at a given time.

Pi (dτ) Probability that an event i will occur in time interval dτ.
Ri

Variable name for a process.

t

Time

X

Uniformly distributed random number, X ∈ [0, 1).

Transport property prediction
δt

Time step in a lattice Boltzmann algorithm.

δx

Lattice spacing.

δ

Constritivity of a porous medium.

ci

Lattice velocity.

g

A body force acting on a fluid such as gravity.

je

Effective mass flux through a porous medium per unit area.

j

Mass flux of the diffusive species per unit area

n

Surface normal vector for the domain boundary.

q

Volume flux vector per unit area.

r

Position vector.

rw

Position of boundary.

u

Fluid velocity.
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Nomenclature

uB

Bulk fluid velocity.

µ

Dynamic viscosity.

Ω(r,t) Collision operator.
ωi

Lattice weight for direction i.

ρ

Density of the lattice gas.

ρ

Fluid density.

τc

Tortuousity of a porous medium.

ϕ

Solid volume fraction of a porous medium.

A

Geometric constant given by Cubaud.

b1 , b2 , b3 Coefficients for generalised boundary condition.
ce

Effective concentration of a diffusing species in a porous medium.

cf

Fluid concentration close to a wall node.

c2s

Lattice speed of sound.

cwi

Fictious wall concentration for channel i.

D

Diffusion coefficient of the lattice gas in the diffusion model.

D0

Bulk or self-diffusion coefficient.

D1 , D2 Diffusion coefficients in the two pipe segments of the problem used to verify the
diffusion lattice Boltzmann code.
De

Effective diffusion coefficient in a porous medium.

F

Collision frequency.

f (ν) Boundary homogenisation factor for the two pipe problem, defined in the paper of
Berezhkovskii et al..
f + (r f ,t) Velocity distribution streamed in the wall.
fi (x,t) Amplitude of scattered radiation in direction q

Nomenclature
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fi (x,t) Probability to find a particle at position r moving in direction ci
eq

fi (u(r), ρ(r,t)) Equilibrium particle velocity probability for direction i.
f⃗i

Velocity distribution functions streamed into the simulation domain at a generalised
boundary condition.

h

Channel height for the channels used to verify the permeability scheme.

k

Fluid permeability.

L1 , L2 Lengths of the pipe segments in the problem used to verify the diffusion lattice Boltzmann code.
N

Number of velocities in space.

p

Pressure.

R1 , R2 Radii in the two-pipe problem used to verify the diffusion lattice Boltzmann code.
T

Average life time of tracer in the two-pipe problem.

V1 , V2 Volume of the pipe segments used to verify the diffusion lattice Boltzmann code.
Sheet Growth
α, β

Proportionality constants.

Ḡxi

ith blocked event of type x.

l¯i

Number of blocked events of type i which can occur.

L̄x

List containing blocked events of type x.

δ (t)

Dirac symbol.

γb

Bifurcation angle.

γT

Tilt angle.

Ĝxi

ith allowed event of type x.

lˆi

Number of allowed events of type i which can occur.

L̂x

List containing allowed events of type x.
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Nomenclature

r̄

Average position vector.

r

Position vector.

ui , vi , n̂i Vectors of the coordinate system of the ith triangle.
j

Vi

Position of the jth vertex of the ith triangle. The vertices are indexed clockwise.

ϕ(t)

Solid volume fraction.

ϕd

Volume fraction of gel pore space.

ϕil

Volume fraction of interlayer pore space.

A

Surface area of Eden cluster.

A△

Surface area of triangular segment.

AN

Element prefactor.

Ar

Radial prefactor.

C2

Proportionality constant for finding the characteristic time of impingement.

D

Dimensionality of a structure.

d

Layering distance.

DH

Hausdorff dimension of a structure.

dil

Height of the interlayer space.

Gxi

ith event of type x.

h

Sheet height.

Jr

Jacobian of the coordinate system of the triangle.

k

Kinetic constant in the Avrami model.

kB

Bifurcation rate.

kL

Layering rate.

kN

Nucleation rate per unit volume.

kS

Sheet growth rate.

Nomenclature
kT

Tilt rate.

L

Triangle side length.

li

Number of events of type i which can occur.

LP

Length of the perimeter of an Eden cluster.

Lx

List containing events of type x.

N

Sites or elements in a cluster.

n

Growth exponent.

n

Growth exponent

141

N(t,t ′ ) Number of triangular segments in a cluster formed at t ′ .
NE

Elements or sites in Eden cluster.

nr

Radial growth exponent.

NS

Number of initial nucleation sites in cavity.

PL

Number of triangular facets on which layering and tilted layering can occur.

PP

Number of perimeter sites of an Eden cluster where sheet growth and bifurcation can
occur.

r

Radius of a cluster

RC

Radius of the confinement.

rg

Radius of gyration of a cluster.

S

Number of surface sites.

SE

Perimeter of Eden cluster.

t

Time.

t∗

Characteristic time of impingement for space filling by growing sheets.

Ti

ith Triangle.

V (t,t ′ ) Volume of a cluster nucleated at t ′ .
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xi

Nomenclature
Progress variable.

Packing algorithm
α, β

Weight parameters for rotational and angular displacement.

δ̄

Average overlap of all spherocylinders.

∆ri

Change of particle position of particle i during an iteration.

δi j

Overlap between two spherocylinder.

q̂

Quarternion.

Cij

Points of closest contact on the particle’s backbone between two spherocylinders.

Di

Displacement vector during an iteration for spherocylinder i.

Di j

Displacement vector between two overlapping spherocylinders.

Mi j

Rotational displacement vector during an iteration for spherocylinder i.

Mi j

Rotational displacement between particles i, j.

Oi

Orientation of spherocylinder i

ri

Position of spherocylinder i.

θi

Angular displacement of spherocylinder i during one iteration.

ϕ

Solid volume fraction in spherocylinder packing.

dmin

Minimal distance between two spherocylinders’ backbones.

L

Length of a spherocylinder excluding the spherical cap.

Pi si

Symbol used for parameter equation for the backbone of spherocylinder i.

q1 , q2 , q3 , q4 Components of quarternions.
R

Radius of a spherocylinder.

R(q̂) Rotation matrix derived from quarternions.
si

Parameter of parameter equation for spherocylinder i’s backbone.

Nomenclature
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sci j

Critical parameter for the closest point on the backbone between two overlapping
spherocylinders.

w

Aspect ratio of a spherocylinder, defined as w = L/(2R).

Scattering Curve Prediction
δx

Voxel size of a voxelised representation of a structure.

ΓρS (r) Autocorrelation function of the scattering length density function.
λ

Wavelength of radiation.

q

Scattering vector

r

Position vector

ρS (r

Scattering length density function.

A(q) Amplitude of scattered radiation in direction q
A(q) Amplitude of scattered radiation.
Adisc

Fourier transform of a voxelised representation of a structure.

I(q)

Intensity of scattered radiation.

I(r)

Indicator function.

I(q)

Spherically averaged intensity.

qi

Component of the scattering vector q.

qmax

Maximum accessible scattering vector in the Schmidt-Rohr method.

qmin

Minimal accessible scattering vector in the Schmidt-Rohr method.
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